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3. Theory

3.1. EFIE WITH SYMMETRIC IMPEDANCE MATRIX

3.2. FILLING THE SYMMETRIC IMPEDANCE MATRIX WITH RWG BASISFUNCTIONS
3.3. ACCUMULATION OF INTEGRALSINTO THE IMPEDANCE MATRIX

3.4. SELF-INTEGRALS

3.5. CALCULATION OF THE NEAR/FAR FIELD

Here, we recall the MoM equations and the near-field equations used in the present study.
The electric field integral (EFIE) [1] and RWG basis functions [2] are employed, utilizing
arbitrary integration accuracy and symmetry properties of the impedance matrix.

3.1. EFIE with symmetric impedance matrix

The total electric field is a combination of the incident field (labeled by superscript i) and
the scattered field (Iabeled by superscript 9), i.e.

E=E +E°® (1)

The scattered electric fidld E® is due to surface currents and free charges on the metal
surface S (the so-called mixed-potential formulation)

ES=- jwA(F)- NF,(F) FonS 2

The magnetic vector potential AS(F ) describes current radiation whereas the electric
potential F (") describes charge radiation. In the near field, the F -contribution may be

somewhat more critical than the A-contribution. In the far-field, the F -contribution is
negligibly small. The mixed potential-expression (2) for the electric field is often preferred
to other forms because it involves a less singular kernel, after evaluating in a weighted

average sense on the metal surface S. On the metal surface S Etm =0, thus giving the
EFIE[1],

EL, = (w3, () +RF ,(r)),, Fons €)

Assume that some test functions, fmS(F) m=1,...,N, cover the entire surface Sand are zero
everywhere except for a small subsurfaceS, 1 S. The test functions (i) do not have a
component normal to the surface S, and; (ii) do not have a component normal to the
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surface border (if any). Multiplication of equation (3) by fn? and integration over Sgives
N eguations

Of XE'dF = jw Of 5 xAdF - dN Xan)F dF m=1..,N (4)
S S S

since

OF s A ) F = OFS AT, OFSANF ) 0F =- F (R xfshr 9
S S S S

Using the expansion for the surface current density
|, f5(F) (6)
the magnetic vector potential due to metal surface currents becomes

r =

\ o ATM rsa o o
s (F9g(F,F9dre=q | —> f > (F9g(F,Fydr g1, (7)
s n=11 4p S, b

where g =exp(- jkR)/R, R= |F - F¢ is the free-space Green’s function (time dependency
exp(jwt) is assumed everywhere). Similarly, the electric potential due to free surface

charge density s ¢ = %VNS xJ  takes the form

-%E

Fs(r)= & s(r9g(r, r‘Ddr‘t—al (8)

eo S —1T4p b

The moment equations for the unknown “currents’ |, are obtained if we substitute
expansions (7) and (8) into primary equation (4). In terms of symbolic notations,

N

=az.,,, m=1.,N 9)
n=1
where
Uy = Of XE'dF (10)
S

are the “voltage’ or excitation components for every test/basis function and
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Z, = +000 AT S () xT S(F9g(F, FQar &
4p. > (12)
L 8N, 5 R <F S (7 9)o(r, Fodrer

4pwe, gs.

are the components of the impedance matrix of the size Nx N. Note that the impedance
matrix is symmetric for any set of basis functions (test functions should be the same) when
the corresponding surface integrals are calculated using the same degree of accuracy. The
components of the impedance matrix are the double surface integrals of the Green's
function and they mostly reflect the geometry of the problem.

3.2. Filling the symmetric impedance matrix with RWG basis functions

Below, we recall the following properties of the RWG basis functions [2]. For any two
triangular patches, t. and t;, having areas A’ and A, , and sharing the common edgel ,,
the n-th basis function becomes

| |
50y =1 24 ad  Rxt3m)=] A 12)
¢ Fint, - Fint;
§2A; A
where ', =7 - T, is the vector drawn from free vertex of triangle t, to the observation
point; ', =1, - [ is the vector drawn from the observation point to the free vertex of

triangle t,. The n-th basis function is zero outside two adjacent triangles t; and t, .

Substitution of equations (12) into equation (11) gives the components of the impedance
matrix in terms of the surface RWG basis functions in the form

OOf  xf,>gdr &I =
Sy
|| ||
wmn aNp o ¢ )gdr 6 + 0 AF T ¢ Jgdr &F (13)
o B an i 08
|| ||
rmn ~SYE o ¢ )odr @ +—" 0 31 % ¢ oo &
w8 ann 00
and
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SuS,

[ [,

. d e - g & 14
A 0o &Amqﬁr r (4
||

- dr @Ir + dr eI
Ay OO AAEOQH

3.3. Accumulation of integralsinto theimpedance matrix

Evauation of the MoM impedance matrix for RWG basis functions is by 90% calculation
of the surface integrals presented in equations (13) and (14). Consider a structure where all
triangular patches are enumerated by p =1,...,P. Then, every integra in equation (13) is
represented through aterm

Al —(Iir ><r¢g(|r-r¢)dr©lr p.q=1..,P (15)

thtg

to within a constant factor. Here, r =7 -1, for any vertex i of patch p whereas

r¢ =r¢ r, for any vertex j of patch g. Similarly, every integral in equation (14) is build
based upon aterm

F o =0Op(F-r9drer pg=1..,P (16)

tptq
All integrals (15) and (16) are first found for every given pair of patches p, g. Note that

Fo=F o Ak =Ag (17)
so that only the half of integrals needs to be calculated. Numerical integration of double
surface integrals is done using the same Gaussian formula (of variable degree of accuracy)
for both single surface integrals [ ]. The most attractive formulas of third- and fourth degree
of accuracy aregiven in Table Al

Further, the contributions of every pair of patches p, g given by equations (15) and (16) are
accumulated in the appropriate terms of equations (13) and (14), respectively. This
happens when the basis functions m and n have p and q either as plus or minus triangles.
Indexesi, | in equation (15) need to be chosen according to given mand n. The summation
process for the impedance matrix has the following form:

Z,, =2, 4ol IV 5o %Fmg (18)

™A A T 16p ~ dpwe,
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Here, m=m(p) are numbers of those RWG basic functions, which include patch p.
Similarly, indexesn =n(q) indicate basis functions, which include patch g. Plus sign

occurs when p and g are both “plus’ or “minus’ triangles. Otherwise, sign minus should be
chosen. Index i =i(m) corresponds to the free vertex of patch p in element m. Index

j = j(n) corresponds to the free vertex of patch qin element n.

Table Al. Gaussian integration over triangular patches —third- and fourth degree of
accuracy [3, 4].

Degree of precision = 3, number of points =4
Triangular (vertex)

Points coordinates Weights
A 1/3,1/3,1/3 -27/48
B 0.6,0.2,0.2 25/48
C 0.2,0.6,0.2 25/48
D 0.2,0.2,0.6 25/48

Degree of precision =4, number of points=7
Triangular (vertex)

Points : Weights
coordinates
A 1/3, 13, 13 0.2250000000
B a, B, B 0.1323941527
C Ry, as, [ 0.1323941527
D B, By, & 0.1323941527
E a, 3, B 0.1259391805
F Ry, @z, I3 0.1259391805
G R, 3, & 0.1259391805

with
a;=0.0597158717, 3,=0.4701420641, a,=0.7974269853, ,=0.1012865073.

Note that the Gaussian quadrature only makes sense when the triangular patches are
relative close to each other. Otherwise, the central-point approximation for both the source
and test integrals is a good approximation to reality. The relative (to the triangle size)
distance D between two triangular patches p and q may be defined in the following way:

p.q=1..P (19)

pa
maxi=1,2,3(

Fcp B F||) maxi=1,2,3(

i - i)

where index c indicates patch centroid. The default criterion for performing Gaussian
integration in the present study is

D, £15 (20)
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If thisinequality is not satisfied, the central-point approximation is used.
3.4. Self-integrals

The self-integrals ( p=q in equations (15), (16)) are found precisely, using a number of
analytical base integrals presented in [5]. Before doing that, the Taylor expansion is made
for the Green’s function

g=exp(- jkR)/R»1/R- jk- k*R/2 (21)
Therefore
A R
F oo OOz 0r & - jkA2 - — o) - T 4dr & (22)
tptpr_r¢ 2tptp
and

L(F-rprern)

. i dr & - jkYF - 7)) XF& F,)dr &F
tPtP r-r tPtP
2 (23)
-~ O - FAF - 7)X(r e T)drer
tyt

Only the first term on the right-hand side of equation (22) or (23) needs to be calculated
analytically. The rest of the terms are found using Gaussian formulas discusses above,
since they do not have a singular kernel. Introduction of triangular coordinates | ,,1 , for

the patch t gives[9]

F=l(f- )+l (G- )+, 1R - B)+14(F- KB)+h (24)

(F- 1) (re-r)=
(Fs' Fi)’(rs' Fj),1+
(1' F3)>(2F3- Fi' Fj), |1+
(2_F3)>(2F3_Fi_rj),l2+ (25)

=, =

(F - )X - )" 1yl 8+
(Fz - F3)>‘(F2 - Fg), |2| ét"'
(f - B)Xr- 1) 1, g+
('71' Fs)’(rz' Fs), I1¢2
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Substitution of equation (25) into the first term on the right-hand side of equation (23)
results in seven integrals. Each of those is reduced to one of the four independent base
integrals given below [5]. The remaining values are obtained using cyclic transformation.
First term on the right-hand side of equation (22) only needs the first base integral [5].

With taking into account that
:(I’ : I’) 3 ) (I7 rl)"(r;' r#2)’C:(|73' I72)"('73' F2)’ det =va- 2b+c (26)

one has [9]

oo la- b+ Vadefo+Valk) ©
[ b+vavc) a+b+\/5det)5
6va
+\/_\/_)( b+c+\/Edet)
c++/cdet) b+\/_\/_)
6vc
oy ada- b+/adet|- b+c+cdet)ol
é(b c+vedetf- a+b+adet)p

6det

b
@101 o Ogé(b

dréir =
84A,§ a(ﬁr - 7¢

(27)
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& b++adc 0 IOfﬂeb+c+\/5det9
éb c+\/Edetg % -briale 5
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120det?

120a2
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120det®

2 (b+avc)a- b++adet) 0

b+\/_\/_)( a+b++adet);

120a 2

@1 0.1

i(28)
§anz 007 - 74

(2a- 5b+3c)log

+
oo.ooooooooooooooaooc
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o
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gloaeb +yaJc © o2 B \/Edetg
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The remaining integrals are obtained using cyclic transformation. Note that equation (29) is
not exactly equation (27) of Ref. [5]. It can be seen that two extraterms in equation (27) of
Ref. [5] cancel each other. Four equations (27)-(30) were tested using numerical evaluation
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of singular integras and the singularity extraction procedure, and showed a good
agreement with the numerical results.

3.5. Calculation of the near/far field
The scattered fields E® and H ® can be expressed in the form [1, 6]
E°=- jw/ls(r)- NF ¢ (F)

_Jm,k O (F9g(F, Foar 6+ N R xjs(fty)g(F,FfdeGg Foon S (3D

(32)

at any observation point r in space. Using the expansion for the surface current density (6)
one has

s_yikz \FS( = = AF 1 (o ofsirak »» dr
E’=ai——0f. (rtyg(r,rcpdr¢+.—C{NXfn (FQN.g(r,rodr r¢on S (33)
1 JWe g jwe ¢ b
§1 o, (7.9 U R
=ai g(r,rg (rfydrﬂgln r¢on S (34
n=17s

Similar to the approach to the impedance matrix discussed in section A3, al integrals in
curly brackets in equations (33) and (34) are based upon three base integrals over triangular
patches

4> i

K'(F) = (‘j (F-rddre p=1...P (35a)
L' () = N, o(r - r9dre p=1..,P (35b)
ML) =N, Fo(f- rddre p=1..P (35¢)

tp

to within a constant factor. Here, r; =1 - I, for any vertex i of patch p. The integrals (35)
are found numerically, using either Gaussian integration when
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-l

- )

D, (F) = <15 p=1..,P (36)

maxi=1,2,3(

or the central-point approximation when the triangular patch is far enough from the
observation point.

This approach leads to reasonably accurate results for the near field when the distance from
the closest metal patch to the observation point is greater than the size of that patch.
Otherwise, the analytical treatment of singularities in integrals (35) becomes necessary,
which is beyond the scope of the present study.

10
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