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I. Introduction
Recently, we have developed a recursive aggregate T-matrix algorithm

(RATMA) to solve volume integral equation with reduced computational
complexity compared to a direct solution via a matrix equation with Gaussian
elimination [1-4]. The method has a computational complexity of N? for two
dimensional scattering problems (N7/3 for three dimensions) where NV is the

total number of unknowns needed to characterize the volume of the scatterer.
In this paper, we present an algorithm to solve volume integral equa-

tions with computational complexity of N in two dimensions and N? in
three dimensions. This is of reduced computational complexity compared to
RATMA. We call this the nested equivalence principle algorithm (N EPAL).

The nested equivalence principle algorithm (NEPAL) is similar to many
fast algorithm like FFT and the nested dissection ordering approach in finite
element method [5]. The principal idea of this approach is to nest one algo-
rithm within another so that a smaller problem is solved before a larger one.
The size of the problem increases by a factor of 2" at each stage where n is
the dimension of the problem. In this manner, an N unknown problem is
solved in log, N steps.

II. The Volume Integral Equation
A volume integral equation has the form
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where go(r — r') is the Green’s function.
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A usual practice in solving (1) and (2) is to discretize the scatterer into N
discrete pieces and approximate the integrals in (1) with summations. Hence,

N
¢,c¢(l‘) = Z'ﬁt(kl)y ri) - by, (3)

=1

where r; = r — r}, and ¥'(ko,r;) is a row vector containing cylindrical har-
monics in two dimensions and spherical harmonics in three dimensions. The
column vector b; contains the magnitudes of the harmonic expansions. For
monopole subscatterers, b; is a one-component vector corresponding to the
monopole harmonics, while for dipole subscatterers, b; is a three-component
vector corresponding to three harmonics. The unknown b; can be found by
imposing a boundary condition on all the N subscatterers.
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Figure 1. Huygens’ equivalence principle helps to reduce the number
of scattering centers.

II1. The Huygens’ Equivalence Principle
The Huygens’ equivalence principle stated mathematically is

Bsea(r) = fst'ﬁ [Paca(t)V'go(r = ') — go(xr — ') V'boea(r)] . (4)

It can be used to shift the scattering centers of the subscatterers to the surface
as shown in Figure 1. In this manner, the number of scattering centers can
be reduced. If the number of volume subscatterers is O(n), the number of
surface subscatterers is then O(n®?) in two dimensions, and O(n®%) in three
dimensions. This reduction in the number of scattering centers can be used
to reduce the computational labor of solving for the scattering solution of 2
volume scatterer as illustrated by NEPAL.

IV. Nested Equivalence Principle Algorithm (NEPAL)
The nested equivalence principle algorithm (NEPAL) is similar in spirit
to fast Fourier transform and nested dissection ordering in finite element
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method. The idea is to divide the original problem into subgroups. The
subgroups are then further divided into sub-subgroups until the lowest level
of subgroups is reached. In two dimensions, the lowest level is in groups of
four (see Figure 2) while in three dimensions, it is in groups of eight. (For
1D FFT, it is in groups of two.)

For instance, in two-dimensions, first, the scattering solutions for groups
of four subscatterers are solved. Then the scattering solution from four groups
each consisting of four subscatterers are solved. Hence, the scattering solution
from a group of 16 subscatterers are known. Then, the Huygens’ equivalence
principle is used to replace 16 scattering centers with 12 scattering centers.
Then the scattering solutions for four groups of scatterers each consisting
of 12 subscatterers are solved. The process is repeated until the scattering
solution for the entire scatterer is obtained.

Because of the use of Huygens’ equivalence principle at each stage, the
number of scatterers involved is reduced by roughly a factor of two when n
is large. Hence, even if Gaussian elimination is used at each stage to solve
for the scattering solution, reduction in computational labor is possible. It
can be shown that when N gets sufficiently large, this is asympototically an
O(N*#) algorithm.
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Figure 2. NEPAL—Nested equivalence principle algorithm.

V. Numerical Results

We have implemented NEPAL to solve volume integral equations (1) and
(2) and compared the results with the directly solving the volume integral
equations by the method of moments (MOM). The results are in good agree-
ment for both E, and H, polarized waves as shown in the Figure 3 (a) and
(b).

We have also studied the growth of computer time with the number of
unknowns in the problem and found that NEPAL is very competitive with
RATMA (see Figure 3(c)) in this preliminary investigation. It is certainly
more efficient than MOM using Gaussian elimination. Moreover, the solution
it provides is valid for all angles of incident unlike conjugate-type methods.
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Figure 3. (a) Comparison with method of moments for E, waves. (b)
Comparison with method of moments for H, waves. (c) Comparison
of CPU time versus number of unknowns on a CRAY-2.
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