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Splines and Their Reciprocal-Bases in
Volume-Integral Equations

Harold A. Sabbagh, Senior Member, IEEE

Abstract—We briefly outline the use of higher-order splines

and their reciprocal-bases in discretizing the volume-integral °

equations of electromagnetics. The discretization is carried out
by means of the method of moments, in which the expansion
functions are the higher-order splines, and the testing functions
are the corresponding reciprocal-basis functions. These func-
tions satisfy an orthogonality condition with respect to the spline
expansion functions. Thus, the method is not Galerkin, but the
structure of the resulting equations is quite regular, neverthe-
less. The theory is applied to the volume-integral equations for
the unknown current density, or unknown electric field, within
a scattering body, and to the equations for eddy-current non-
destructive evaluation. Numerical techniques for computing the
matrix elements are also given.

INTRODUCTION

OLUME-INTEGRAL equations are especially use-

ful in solving electromagnetics problems involving
‘‘penetrable bodies,’’ such as arise in eddy-current non-
destructive evaluation. Typically, these equations are dis-
cretized by means of the method of moments, in which
the unknown fields are expanded in one class of functions,
and the resulting equations are then tested by using an-
other class of functions. When the expansion and testing
functions are identical, the method is called the Galerkin
variant of the method of moments. In any case, it is im-
portant to choose these functions so that they possess the
requisite continuity for the actual fields, and so that the
resulting discretized equations have attractive properties,
such as relatively few unknowns, the matrices can be rel-
atively easily computed, etc.

Quite often, one uses pulse functions for expansion and
testing (which reverts to Galerkin’s method), or pulse
functions for expansion and deita functions for testing
(which is called ‘‘point-matching’’ or ¢‘collocation’’). To
produce smoother solutions, however, it may be neces-
sary to use functions that are smoother than pulses, while
at the same time using functions for testing that are in
some sense optimum for the expansion functions. We ex-
plore the possibility of using higher-order splines for ex-
pansion, and the reciprocal-bases for these splines for
testing. We are concerned only with the frequency do-
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main, in this paper, but we have applied the theory of
splines and their reciprocal-bases to time-domain volume-
integral equations, as well [1].

I. A FrREQUENCY-DOMAIN VOLUME-INTEGRAL
EQUATION

We are interested in computing the currents, or electric
fields, induced within a scattering body when a known
field is incident upon the body. The incident field could
be a plane wave coming from infinity, or the field pro-
duced by a probe coil in the vicinity of the body, as in
nondestructive evaluation. We assume that the scatterer
lies above an infinite, plane-parallel region, which could
be either a half-space or a slab of finite thickness. In fact,
we have developed the frequency-domain theory to in-
clude highly anisotropic slabs.

We start our development in the frequency-domain, and
note that the solution of Maxwell’s equations is given by
the following volume-integral relation:

E(i)(r,w)=E(r,w)+S tg(r|r',w)~.l(r’,w)dr’, 4))

where G is the dyadic Green’s function for the problem,
E® is the incident field that exists in the absence of the
scattering body, and J is the electric current coupled into
the body, and which accounts for the scattered field. We
are assuming that there are no magnetic effects, so that
the only unknowns are the electric field and current in-
duced into the scattering body. Coupled electric and mag-
netic field problems can be easily accommodated by in-
troducing the appropriate dyadic Green’s function. It is
important to note that (1) is a linear relation between J
and E, because it solves Maxwell’s equations, even if the
constitutive relation between J and E is nonlinear.

The Green’s dyad can be written in the form of a two-
dimensional Fourier transform,

SGx—x,y-y,z,7 w
= SS Q(kx’ ky, 2,7 w) e—j[kx(x—X')'Pky(y—y’)]dkx dky,

@

and when this is substituted into (1) the integrals over x'
and y' become two-dimensional spatial Fourier trans-
forms.

The Green’s function consists of two parts, a free-space
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part, which ignores the presence of the slab (and, there-
fore, could be called the incident part) and a scattered (or
reflected) part. The free-space part, in turn, consists of
two parts, €©, and a “‘depolarizing’’ part, .

6O s given by
1 - k%/kj
Q(O) ks, kys 2, 2') = _11‘:2"0 _kka/k(z)

where the (+) sign goes with z > 7', (=) with z < 7/,
and Ny = (k2 + k2 — k})'/%
The depolarizing part consists of the single term

N _ 0@ —2)
2) = 4m’we, e @

and the reflected Green’s function has the structure

§Dk,, ky; 2

Rxx ny sz
~ 1
e"@+ 29§ ki 2,2) = 73 | R Ry Re| 9
R, R, R,

where the matrix elements are independent of (z, z’).

Equation (1) is the basic frequency-domain volume-in-
tegral equation. We are going to discretize it by using
higher-order splines and their reciprocal-basis functions.
The discussion of higher-order splines is based on the the-
ory presented in Aubin’s book [2], chapters 4 and 5. The
computation of the reciprocal-basis system for splines is
outlined in Section 2-5 of Chapter 4 of [2]. For more in-
formation on the idea of reciprocal-bases, see L. E.
Franks’ book [3]. The development is for functions of one
variable, but the extension to multivariables is easily car-
ried out by taking tensor products of single variable func-
tions.

Though we use Aubin’s notation, the application of the
theory of higher-order splines and reciprocal-bases to the
discretization of the integral equations of electromagnet-
ics, as developed here, is novel. This paper considerably
extends the work presented in [4].

II. SpLINEs BASeED UpoN HIGHER-ORDER
CoNVOLUTIONS OF THE UNIT PULSE

Consider a reglilar one-dimensional grid, whose spac-
ing is h. Relative to this grid we define (x) to be the
unit pulse

® 1, if0=sx=<1 ©

mx) =

! 0, otherwise

and , 4;(x) to be the mth-order convolution of (x).

The =, (x) are shown in Fig. 1 form = 0, 1, 2, 3.
The higher-order convolutions of the unit pulse can be

written in terms of the piecewise polynomials, ok (), as

Tme1(®) = 2 o —K)m(x = k),
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and the of,(x) = I/ ¢ an(k, j)x! /j! are tabulated in Table
1. The coefficients a,(k, j) satisfy the recursion relation
am(k’j) = am—l(kvj - 1) - am—](k - lsj - 1)’
1lsk=m-11=j=m @)

_kxky/k(z) i]kxkO/k% Aol g
—A0IZ—Z
L= /K tikdo/ks | = ®
0
ijky)\o/k% 1 + N3/kj

Numerical values for a,(k, j), for 1 < m < 3, can be
easily inferred from Table I. For example, as(k, j) is given
by the following matrix,

0 0 0 1

1/6 1/2 1 =3
4/6 0 -2 3
1/6 -1/2 1 —1.

It will be useful to list the one-dimensional Fourier
transforms of the translates of these functions:

e in (kh/2
T /h = 1) = hel 1/ <%>

_ i (kh/2)\2
Folx/h — 1) = he*+ Dk <smk§,/2/ )>

. in (kh/2 3
F3@x/h — 1) = heU+3/Dh <Smk§l/2/ )>

. 4
Raa/h = 1) = e+ <S___"‘ k;k;lz/ 2)) )

k is the transform variable. Note the relationship between
the Fourier transforms:

LYY <sin (kh/2)>
P YA

®

ITI. RECIPROCAL-BASES FOR 7, 4 1(X)

Define A,(x) to be a function of compact support that
will generate the reciprocal-basis system, just as m,, 1 (x)
generates the basis system.

We want

(hT#H,h,)\fn,h) = 5jk, (10)
where the parentheses denote an integral; ; = 1, if j =
k, =0,ifj # k, and

An(x/h — k).

S =

. 1 .
Tmsth = Z 7"m+1(x/h - J 7\’:n,h =

(1)
Upon substituting (11) into (10), we get

}-11 S Tua1G/h = PNa(x/h — k) dx = by (12)
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Fig. I. 1 x): @m=0;(b)m =1;(c)m =2; (d)m = 3.
TABLE I and we get
PIECEWISE POLYNO"MIALS, ak (@), IN T, () =
Li-oanx —bx(x — k) (k+ 1k
: % pml SR .7, Sl
Order (m) an(x) =Ll ga,k, jxi/j! O<itm PR m+1 J 1 = Ok
m=0 ad(x) =1 1
m=1 ad(x) =x ( 5)
ai() =1~ x Now let
m=2 al@x) =x?/2
aj(x) =1/2 +x —x?
ad(x) = 1/2 - x + x2/2 x/h—k=z=dc/h=dz, x/h—j=z+k—j
m=3 a%(x) =x%/6 " ,
a3(x) =1/6 +x/2 +x*/2 — x/2
ad() =476 —x2+ 12/ Then
a3(x) =1/6 —x/2 +x%/2 — x*/6 | )
2 b‘"”gw z+k—jYdz =68, (16
Now let , N A A N m+1( J)l!dz e (16)
- (m X . - ,
A @) = 7, (x) o s%m bi n (13) We must determine the restriction of =,, . ((z + k — j)
Then to the interval, (0, 1):

Ma/h =l =ma/h—b % b a/h -k

slsm I

(14)

m

Tme1@ = B an@ = mm@=n. (A7)
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This implies that

Tm+1@ + k= J)

= Loap@+k=(j+mma+k=(+m)
(18)
Hence, because of the presence of the pulse function, m(z

+ k-— (j + n)), the term that survives in the interval (0,
isk =j + n;i.e.,

Tme1@ =¥ (@, for0=<z=<1. (19)
hp = 1/24, hy = 1/30,
hyy = 11/24, hy; = 11/40,
h20 = 11/24, h21 = 11/60,
h30 = 1/24, h31 = 1/120,
Thus,
1 Zl
(m) (k—j) i = 5.
05% mbl SO Qpy (Z) Z! dZ 6]’(’ (20)
or,
. 1 d 1, ifn=20
> b § o) L dz =
0<ism 0 I 0, flsn=<sm
2

We apply these results to the case of cubic splines, for
which m = 3. From Table I we have

3

O = =
a3 (x) 6
l( ) = _1. + '_x. + x_z — 'x_3
BW=§T2T 272
. 4 x
2 = - — il
a3z (x) 6 2+ 2
1 x £ 2
300 ==~ X X X
a3 (%) 6 2 + 2 6 22)
Thus, we can compute the matrix elements
s 3 ']xj+l
hy = 2 as(k, ) So T
> ay(k, 1)
A hk=0,1,2,3 (23)

TS0 F k+

From this expression and the expression for the a,(k, i)
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given above, we derive the following expressions:

=t
JUL6( + 4)
h%_=1_1/6 1/2 L _3 ]
TR+ 2 2j+3) 6+
, _1[4/6 __ 2 L3 ]
HUli+1 20+3) 6+
SO ETLINRY: S )
JILji+1 j+2 2(j+3) 6(j+ 4]
(24)
The numerical values of the matrix elements are
hp = 1/72,  hy =1/252
hy, = 71/720, hy; = 43/1680
hy = 19/360, hy = 1/84
hyp = 1/720, hy; = 1/5040. (25)
This yields the matrix equation
1/24 1/30 1/72 1/252 by
11/24 11/40 71/720 43/1680 A%
11/24 11/60 19/360 1/84 bY
1/24 1/120 1/720 1/5040 by
1
0
=1 o (26)
0
The solution of (26) is
b = —184, b = 2460, bY = —13200,
b = 27720, Q@7

which, vfro'm (13), means that the reciprocal-basis for the
cubic splines is generated from the function

MG = T )(—184 + 2460x — 66007 + 4620x°),
(28)

and its translates, as in (14).
A similar analysis for splines of lower order produces
the following results:

MG = T )15 — 108x + 120x?)
M) = mE)(—2 + 6x)

o) = m(x)
These functions are plotted in Fig. 2.

29)
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Fig. 2. \,(x): @ m =0, (b)m =1;(cym = 2; (d)m = 3.

Aubin [2, page 124] shows that the integral of A\,(x) This is useful in discretizing functional equations, and in
is unity; a check of the results above shows that this is the interpolation and smoothing of tabular data, as well.

satisfied. Hence, we have the reciprocal-basis for the We list the Fourier transforms of A, (x/h — I):
splines of order O to 3.
The utility of the reciprocal-basis stems from (12), in X h =D = hetl
that if we expand an arbitrary function, F(x), in terms of ot/ ) e ho(®)
T +100) M@/h = 1) = he¥'}, (§)
F(x) = 2wy 4+ 1 (&/h = J), (30) i )
J Nx/h — 1) = hét'’,(5)
then the expansion coefficients can be found immediately - .
. NGx/h = 1) = he¥'}{y (8), 32
1
I =— |\ FX)A h — j) dx. 31 -
7 h 0 A/ D @D where ¢ = jhk (k being the transform variable), and the
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\’s are given by

- & -1

Mo(§) = :

< @l —6) +2E+ 6

R(E) = (Ga3 )2 £

3

- eFQR7E? — 132¢ + 240) — 158% — 108¢ — 240

)\2(5) = E3

- €4(2968 — 312082 + 14520& — 27720) + 184£3 + 2460£2 + 13200 + 27720 ‘

A(6) = . (33)

Note that X,(§) = 1, as £ = 0, which is in agreement
with the statement that the integral of A,,(x) is unity. The
results of (32) and (33) will be useful when using the re-
ciprocal-bases to discretize integral equations.

In (30) we expanded an arbitrary function, F(x), in
terms of the mth-order convolution of the unit pulse. Now
we want to write the restriction of the expansion to each
interval as

Fu®) = 2wy 2 osentc/h= D, (4

where 7;(x) is the unit pulse over (jh, (j + 1)h). The
result is

Fox) = jZ,m,-(x) 4]
Fi(x) = JE @) =1+ — L) x/h— )]
F(x) = §Jm,-<x> (/2= + -5
+ Aoy ~ L) &/h — )
+1/2( = 2L, + L) (x/h — )]
F@ = 2 my [1/6(-1 + 4 + [
+1/20-y — L_3)(x/h = j)
+1/20-y = 2Ly + L-9)x/h — j)

L_)@/h = ).
(35)

+1/6 — 3L_y + 3L_, —

These results are useful when carrying out mathematical
operations, such as differentiation and integration, on the
expansion.

IV. DISCRETIZING INTEGRAL EQUATIONS WITH HIGHER-
ORDER SPLINES

In this section we will consider linear problems for

which J = oF holds for the scatterer. If we multiply (1)

by a(r), we get the basic integral equation for the current

£4

within the scatterer:

IO =T + o) S tQ(r; r') - J')dr, (36)
where the Green’s dyad is given in (2). Thus

JOWH =J® + o S dz’ S S_ Gy kys 2, 2')

< T (kg kyy 27) e TG RO g g
37
Introduce a regular, three-dimensional grid, whose
spacing is éx, &y, and 6z, and expand J(r) as the three-

dimensional tensor-product of one-dimensional splines of
arbitrary order, n, defined on this grid:

Jo = ;E§ L FP (x/8x) FO (y/8y) FP (2/82),

(38)
so that
Jke by 2) = 2

% 2 2 L PP (k)P () FO 2/ 82)

39
Then,
JOw) = Z E 1 F P /0 F (/0 F /8
£ B To || e
L M K -
- FP ) FiD (k)
° {S dZ’ Q(k)n ky; Z, Z') * ILMKF}?)(Z'/éz)}
- dk, dk,. (40)
" Our notation is FP/8x) = m,p (x/0x — ). '
Let {\”(x/8x)} be the reciprocal-basis to
{F{”(x/6x)}. This means that
|~ /o0 P oo axie = 00 @0

We are going to take moments of (40) with respect to
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the reciprocal-basis. Hence, we first multiply (40) by
AP (e /SN (v /8y) NP (2 / 82), which yields:

N (/)N (v /oy NP (2/82) T (1)
= 2 2 X LM /SN (/8NP 2/ )

« F{P(x/6x)F® (y/8y) F® (z/82)
+ 2 2 X NP /e N (/8N (2/82) o)

. SS e-j(kxx+k,v)’) F'gl)(kx) F(ﬁ)(ky)

: U dz' G ke, k32, 2') * TpygF (Z'/éz)}
- dk, dk,.
Now we postulate the following form:
NP @ /a) N (v /)N 2/ 82) o)
= FP /) FR v/ FP (/8 0 s (43)

where 0,4 is a constant given by

42)

e = s | O/ 807 O /697

- (NP (z/62))* o (r) dx dy dz. (44)

Hence, 0,y is the weighted average (with a positive
weighting function) of o over the /'m'k’-th cell. This is
exactly what we got when we used pulse-functions for
expansion and testing in our previous work [5], [6]. The
form postulated in (43) sort of smears o(r) over several
cells in the x, y, and z directions. The constant given in
(44) is optimally defined to produce this smearing.

Now, we substitute (43) back into (42) and integrate
with respect to (x, y, z); making use of (41), we have

I = Dipne + O 22 22 25 {SS Fr” (k)
L MK —o
C PP ) FA” () FRR (k)
: {S dz S dz' Gk, ky; 2, 2') FP 2/ 82)
. F};”(z'/az_)} dk, dky} N A (45)
Upon rearranging this becomes
Ie = Ly + 04 % % % Gkl —L,m — M) - Iy,

(46)

where,

0 _ i) (o N () o
s S S S JOMON? (x/8x) NG

(/N (z/62)dr
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- Oimk (n) &x F®
axayazHSF’ /80y,

“(y/SFP (/82 EO(r)dr

2
1
ot = 3 ) o0 | M6 |

2 2
: {Xﬁ,ﬁ”(y/ﬁy)} [ki"’(z/&)] dr

Gux(l = L,m — M) = S S _FE G FP ) FR" k)

- F X;) (ky) ka (kxa ky) dkx dky

ka(kx’ ky) = S dz S dz’ Q(er ky;z,2')

“FP/8)FP (/8.  (4T)
Note that
. 2An+1)
*(n) (n) - kL= 1) Sll'l(kx/2)
F 1 (kx) F L (kx) e < kx /2 s

which is a function of the difference of the two arguments,
land L. If n = 0, we get the expansion and testing in
pulse-functions that were used in [5] and [6].
Now let us consider the basic integral equation for the
electric field, rather than the current:
E®(n = Er) + S G r') - o(r)ar,

scat

48)

which also follows from (1). This integral equation is used
in rigorously solving electromagnetic inverse problems in
nondestructive evaluation [7], [8]. Expand E(r) in splines
of order n:

E@ = le X 2 By FI (x/8%) F12(3/8y) FIP 2/ 82).
(49)

Then, (48) becomes

EO() = 202 % By F{P(x/6x) Fi2 (y/99)F @/ 52)

+§ Z[S o(r"YFP (' Jax)F (y' /8y)

M K

- FO@' /620G (r; r')dx' dy' dz’] Emmk  (50)
Now we postulate the form:
a(FP &' [0 FR(y /o) FR (' /82)
= ok NP (' /NP (v /NP @' /82), (S1)

where o0k is a constant given by

S e S FP /80 FYY (/)

- FP(z/82))* o(r) dxdy dz. (52)
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Equation (51) is sort of the ‘‘transpose’’ of (43), while

(52) corresponds to (44).
Hence, upon substituting (51) into (50), we get

EO(m = ; 2 § EpFP (x/ox)FQ (y/8y) F (z/ 82)

+ %J %3 % [ Sm S P IND (' /8NP (v /)

. )\S?)(ZI /52) dx’' dy' dZI:| * aLMKElMK

= 2 2 DB F{ /8 F D (3 /) F 2/ 82)

b} B

K

. { S dz' Gk, ky3 2,2 )NP (z’/&z)} dk, dky}
(53)

respect to

* 0 mx Epmk-

Taking moments of (53) with
NP (x/8x) N (y /6y) NP (2 / 82) yields

Efp = B + 223 HS@ RRCAPNAICS
- N (k) N2 (k)
. {S dz S dz' Gk, kys 2, 2 )N (2/62)

. )&”(z’/&z)} dk, dky} - opkEg. O
The vector-matrix equation becomes, therefore:

E'fi) = Elmk + ; % %Gkk(l - L’ m— M) ULMKELMK’

(55)
where,

1

Epy = mg SS E® (DN (x/6x)

NP/ EN 2/ 82) dr
Ok = ax—alyé; SSS o) [FP (x/80)
CIFR/PIFP (/521 dr
Gl ~ L, m — M) = H: N ) RD k)R
* (k) N§? (k) i (ky, k) dk, dk,

ka(kx’ ky) = S dZ S dz,g(kx» ky) 2, zl)

M@/ /8. (56)

Note that
MO RIRE k) = 0 Kk,
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which is a function of the difference of the two arguments,
land L. If n = 0 we get the expansion and testing in
pulse-functions that were used in [5] and [6].

The computation of T k., k,) in (47) and (56) has al-
ready been performed when n = 0, i.e., for pulse func-
tions [5], [6]. Its computation for higher-order splines will
be discussed in the next section.

V. CaLcULATION OF [ig(k,, k)

The expressions for Ty (k,, ky) are given in (47) and
(56). We will evaluate these expressions for first-order
splines and their reciprocal-bases, but the method of cal-
culation is quite general and can be easily applied to
higher-order splines and reciprocal-bases.

It follows from the discussion of the Green’s dyad in
(3)-(5) that the relevant parts of § (z, z’) are given by the
four expressions

1) e “ lz—2"|
2) e (1) > 7, ()i <
3) 4@z —-2')
4) e—cx(z +2').
We will compute the integrals in (47), first, and then
(56). The integral of the first function in the above list is
given by

F, = Sdz Sdz'Fk(z/sz)FK(z'/Bz)e‘“'z‘z", (57

where we have dropped the superscript n, because the or-
der of the spline is one. F| is symmetric in k, K.
The computation of F, starts with

fx@ = S dz' e~ Fy (2 /82).

This is a convolution integral, and can be easily evaluated
using Fourier transforms. We have the Fourier transform
relation

(58

eI - z')dé, (59)

ekl = 1 S 2a

27 Jow o + &

which can be easily verified by simple contour integration
in the complex-plane, or by looking it up in a table of
integrals.

Thus, by the convolution-transform theorem, we have

1 2 .
fe@ =5 S_m mq—s—ﬁfz(z'/az - K)e 7t dt

j (K + 1) bzt Sill(552/2)>2
b ( 26/2

-]

_ 1 g 2a
21 Jow o + £
- e b, (60)

where we have used (8), with a change of notation.
Now, F, = | Fi(z/82)f(z) dz. When (60) is substituted

into this expression, and the order of integration with re-

spect to z and £ is interchanged, we find the interior in-
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tegral to be { Fi(z/62) exp (— jEz) dz = #5(z/6z — k),
which is the complex-conjugate of the transform in (8).
Therefore, when this is substituted into the expression for

F,, we get
F o= 82 Sw itk - K 2 (Si“(552/2) 4d£
' or Jw o + £\ t6z/2
= 8’ Sw e IhE=K) 28
27 J-w g* + n

2k _ Ak =i _joh
.<e 4¢ +6h4 4e7 " + ¢ >dh

=G, + G, + G + G, + Gs. (61)
We have defined h = 6z¢, 8 = adz, and

R ey

Gy = _::_Zz S:D g Zf i eijh(;KH) dh

Each of the integrands in (62) has a simple pole at +j3,
and a fourth-order pole at the origin. (Note, however, that
the integrand of (61) is analytic at the origin.) The pole
at the origin is avoided by a small semi-circle in the lower
half-plane. Because (61) is analytic at the origin, we need
not include an integral over this small semi-circle, since
it vanishes when all the G integrals are added together.
For higher-order splines the singularity at the origin would
be of higher-order, also.

We show the complex-plane contours and poles in Fig.

3 for calculating G,. This is a prototype for the other G’s. .

We apply the Cauchy integral formula for the compu-
tation of the G’s:

SO 4 =+ jprsi)
Z— 2
f@ P
p—— dz = £27 " (20 (63)

where (+) goes with integration in the positive (CCW)
direction (which is in the upper half-plane of Fig. 3), and

(26728 — 8¢ P +6 4 4
64

F1 = 522

g* 3B

= §z?

e — 4% + 7% — 4 +28 +1/38°
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k-K-2 >0

Fig. 3. Showing the location of the poles, and the contours for computing
G,. The contours for the other G’s are similar.

(—) with integration in the negative direction (CW) (lower
half-plane).
The results are

G = Bzz[eﬂ(k'x‘” _22k-K-2
i = 4 3
g 8
k — K — 2)3}
- — i k-K-2<0
3B ’
o Bk—K=2)
G(1L>=522_62_; k—K-2>0
Bk—K—1)
e 2k - K - 1
GY = -—46z2|: 7 ¢ S )
w—K—DT
-, k—K-1<20
36
—B(k—K-1)
GY = _45z2‘iT.; k-—K-1>0
o Bk=K)
GP = 6612—34—; k—K>0
o ze—ﬁ(k—K+l)
G4=_4az_.64—; k—-K+1>0
e—ﬁ(k—K+2)
GP = 5z2_64__; k—K+2>0, (64

where the superscript, (U), denotes that the contour is
closed in the upper half-plane, and (L) denotes closure in
the lower half-plane.

In Fig. 4 we show the £ — K axis, together with the
G’s that contribute to F; within each interval. Of course,
we need show only the positive k& — K axis, because we
have already shown that F is an even function of ¥ — K.

When we sum the appropriate contributions, we get

——+—]; k—K=0

i gt

= 72

"e—ﬁ(k—K—Z) _ 4e—B(k-K71) + 6e—ﬁ(k—K) _ 4e—B(k—K+1) + e—B(k—K+2)

]; k—K=1

L 8

]; k—K=2 (65
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This completes the calculation of F;. Having an explicit
form for F; allows us to compute F, easily. We start with
the observation

—alz =2 1 j2¢ itz
+e |z zl=ﬂ§—mazj+zzeﬁ(z )dE
-1 d )
=" %  palz-z] 66
o diz—-2') ’ (66)

This eventually translates into the result F,;, =
—(I/B)dFl/d(k - K) This shows that F2kK = _F2Kk;
i.e., the matrix is antisymmetric. We make use of these
results by simply differentiating the G’s of (64), and then
dividing by —(. When these results are put into Fig. 4,
we get

F,=0;, k-K=0
_s 2[e_35—4e_26+5e_5—2+62]
= 0z 64

»
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Fy(z/6z), it is easy to compute the following result
0z
F; = —, k—K| =1
=2 k-K|
0z
=4—, k—K|=0
= lk-k|
=0, otherwise. 69)

Function F, is simply the product of two single inte-
grals:

F, = S dz e *F(z/62) S dz’ e Fy(2' /82).

k—K=1

s 5 |:e—ﬂ(k—K—2) - 4e—ﬂ(k—K~l) + 6e76(k7K) . 4e—ﬁ(k—K+l) + e—B(k—K+2)
= 0z

B4

These are the two most complicated results; the rest of
the calculations proceed much more simply.

F

S dz S dz’ 8(z — 2)F(2/82)Fg (2’ /62)

S dz Fi(z/82)Fk(z/82). (68)

Upon taking into account the triangular shape of the
first-order spline, F,(z/0z), together with its overlap with

]; k—K=2. (67)

l_e—u522
a 62 ]’

4
j| e—a&z(k+K).

A straight-forward calculation gives
S dZ e—asz(z/az) = BZ e—a&zk I:

from which we conclude that
1 — e @ 8z

F, =52[
4 2 4

The integrals that appear in (56), and involve the first-
order reciprocal-basis, are computed in the same manner
as above. Of course, where appropriate we use the Fou-
rier transforms of (32) and (33), instead of (8). The re-
sults, using the same notation as before, are

(70)

(72 — 2082 + 883 i TB+ T2
F, = 8 54 88° 168 +;46 8_3} E—E=0
(72 — 2082 _, 882 -1368+36 88%+368+36 _
= 872 e ? - - e 28|, k—K=1
. 6 ool 8*
r 2
_ 5 72 _B‘?OB BU-K) _ 86% + 3;6 + 36 f-BU-K+D
2
_w—_ig‘Me—B(k—K—l):'; k—K=2
F,=0, k—K=0
72 —208% _, 8B8%-—368+36 882+
=6zz[ 646e3— 6 ﬁ4B - 8 :;?B+36e_25} k—-K=1
_ 5 {n—% Bk _ 86+66+36 T
2
- W;ﬂ(k-bl)]; k—K=>2
F3 =46Z akK

Fy = [—2 ~4e7*% + 6 <1
o 6z

— o™ 6z> ]2 g~k +K)
3 .

QY
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i G,V+G,V+G,V G,V+G,V+G,V
G‘(L).,.G’(L) G‘(L)+Gs(b)

| } 1

0 1 2

Fig. 4. Showing the k — K axis, together with the G's that contribute to
F, within each interval.

G l“"+G3"')+G,"')
G, ‘(L)...q,ﬂ-)

VI. CoMMENTS AND CONCLUSIONS

We have applied this theory to the case in which the
expansion and testing functions are both pulses (the pulse
functions are their own reciprocal bases) [5], [6]. Of
course, this gives us the familiar Galerkin variant of the
method of moments, and our results have been quite good.
By using higher-order splines and their reciprocal bases
in the manner suggested in this paper, we retain the same
structure for the resulting integral equation as in the pulse-
pulse situation, but, of course, the field solutions will be
smoother.

There are several desirable features of the discretized
integral equations that result from the approach of this
paper. The first term on the right-hand side of (46) and
(55) is always a diagonal matrix, regardless of the order
of the expansion function. If we used a Galerkin ap-
proach, this term would be a multi-diagonal matrix, de-
pending upon the order of the splines used for expansion
and testing. For example, the matrix would be tri-diago-
nal for first-order splines, penta-diagonal for second-or-
der splines, etc.

A second feature is that we have a well-defined, opti-
mal way of defining the discretized coeflicient, o,,,, that
appears in the integral equations. We do not need to use
a “‘stair-step’’ approximation to the discretized region, or
rely on an inaccurate ad hoc method for defining the dis-
cretized material parameters. We have presented a con-
sistent way of defining these parameters when used in
conjunction with higher-order splines.

Similarly, the computation of the matrix elements,
Gx(l — L, m — M), is made quite systematic. One can
use the same piece of code written for the pulse-pulse
combination, and substitute the necessary Fourier trans-
forms for the higher-order splines.

We have used the method of higher-order splines and
their reciprocal bases in discretizing transient boundary-
integral equations, as well [9], [10]. In these papers we
used one-dimensional second-order splines and their re-
ciprocal bases to discretize the time-domain response of
the space-time boundary-integral equation. The method
produced stable and accurate results. We are preparing a
paper to give more details about this application.

3> kK
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