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The Use of Huygens’ Equivalence Principle for
Solving 3-D Volume Integral Equation of Scattering

Cai-Cheng Lu and Weng Cho Chew, Fellow, IEEE

Abstract— A three-dimensional (3-D) version of the nested
equivalent principle algorithm (NEPAL) is presented. In 3-D, a
scatterer is first decomposed into N subscatterers. Then, spher-
ical wave functions are used to represent the scattered field
of the subscatterers. Subscatterers are divided into different
levels of groups in a nested manner. For example, each group
consists of eight subgroups, and each subgroup contains eight
sub-subgroups, and so on. For each subgroup, the scattering
solution is first solved and the number of subscatterers of the
subgroup is then reduced by replacing the interior subscatterers
with boundary subscatterers using Huygens’ equivalence prin-
ciple. As a result, when the subgroups are combined to form
a higher level group, the group will have a smaller number
of subscatterers. This process is repeated for each level, and
in the last level, the number of subscatterers is proportional
to that of boundary size of the scatterers. This algorithm has
a computational complexity of O(N?) in three dimensions for
all excitations and has the advantage of solving large scattering
problems for multiple excitations. This is in contrast to Gaussian
elimination which has a computational complexity of O(N?).

I. INTRODUCTION

HE computation of electromagnetic scattering of three-

dimensional (3-D) objects finds applications in many
areas. Hence, it has been earnestly studied by many engi-
neers, scientists, and mathematicians alike. As a result, many
algorithms have been developed for solving 3-D scattering
problems. Among these algorithms, finite difference time
domain methods are popular due to their lower complexity
and ease of implementations. Many of these methods are for
one excitation only, however, and the solution process needs
to be repeated for multiple excitations. Moreover, absorbing
boundary conditions are required for those algorithms. On
the other hand, the solution to integral equations automati-
cally satisfies the radiation condition. As a result, an integral
equation solver with computational complexity comparable to
differential equation solvers is a viable alternative solution
technique to these scattering problems.

This paper presents an integral equation solver using the
nested equivalence principle algorithm (NEPAL) which has
been successfully applied to two-dimensional (2-D) problems
[1]. It is known that in solving an integral equation, one can
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first replace the volume scatterer by small subscatterers where
the size of a subscatterer is much smaller than a wavelength
[2]. The unknown function to be sought is expanded in terms
of basis functions which usually have their supports on the
subscatterers. By matching the field on the subscatterers, a
set of linear equations are formed. The number of unknowns
is proportional to the number of subscatterers in this case.
Physically, each subscatterer can be considered a scattering
center as in [3]-[7].

The interaction of a subscatterer with the other subscatterers
can be described by interaction matrices [8]. If there are N
subscatterers, then there will be N? interaction matrices since
each subscatterer will interact with all the other subscatterers
including itself. The N? interaction matrices can be found
with N3 operations as in [8] and [9]. The idea of NEPAL
is to reduce the number of scattering centers, and hence to
reduce the CPU time required for the solution, and essentially
to find the inverse of the integral operator with computational
complexity less than O(N?3).

Similar algorithms for inversion of a matrix using the nested
dissection method for the finite element method can be found
in [10]. It is shown in [1] that the computational complexity
of NEPAL is asymptotically N!-5 for 2-D problems. In this
paper, we will first formulate NEPAL for 3-D problems which
has a computational complexity of N 2, In addition, we will
use some of the symbols differently. For example, ¢ is used
either as an index to a variable or as the imaginary number
v/—1. The meaning is deduced from the context.

II. FORMULATION OF THE PROBLEM

A 3-D volume can be discretized into a set of small cubic
boxes called subscatterers. Each subscatterer has a volume A3,
The scattering property of each subscatterer can be represented
by a multipole with order proportional to the electrical size of
the subscatterer. The scattered field due to the ith subscatterer
in isolation, located at r;, can be written as [8]

EXNr) = Y {Mupm(r — 1)) ]um
+ N (1 = 70) (b7 Jum }
=3 (r—r:) b (1)

where b; = [bM,bF]! is the multipole coefficients and su-

1 'V

perscripts M and E stand for TE and TM components,
respectively. Here, Et(r) = [M, N] is the vector spherical
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wave function, and M and N are given by [6] and [11]

Zn(kr)Ynm (6, ¢)

- ézn(kr)d——y"gée’ 23

L k)Y (6. 9)
aYnm(ﬁ ?)

M, (r)= e
Sl

71 m (r)

0*-[7‘ n(kr)]

rom 2 [rzm)] nmw 9)

n=12,---,m=-n,---,n.

In the above, z,,(kr) is a spherical Bessel function or spherical
Hankel function of the first kind depending on whether {Et(r)
is an incoming wave or an outgoing wave, respectively. §Rg¢
denotes the regular part of ), which is obtained from 3 by
setting the Neumann function to zero. In the above, Y,,,, is a
spherical harmonic, and it is defined by [12] and [13]

Vo (6.6) = ()" [ R B cos ),

m > 0,
Ynm(e‘(b) = (—l)lml}/nlml(aa(b)a

where, P* is the associated Legendre function.
Expressing the incident field in the same manner

m<0

E™(r) = Re)'(r - 7i) @iy - @, @
we can relate the unknown coefficients b; to a, via a T-matrix
by matching the field boundary of the subscatterer as in [3],
[4]. and [11]

bi = Ti F 0B (3)

In the above, @;; is a translation matrix [6], [13], and [14]
that changes the coordinates of the multipole expressions, T';
is the T-matrix for the 7th subscatterer in isolation, and a, is
the incident wave amplitude.

When A is small, T; is diagonal and can be approximated
by that of an equivolume sphere,’ and can be found using
the Mie series [6]. When N4 subscatterers are present, the
coefficients b; will be unknown which satisfy the following
brute force equation [3], [5], and [7]

bz :Ti . Ol“ as + Zau
J#z
“

Since the solution to the above equations has to be linearly
proportional to @;; - as, it can be written as

Na
bi:ZL‘j(NA)'ajs-as. t=1,2,---

i=1

Na. (5

! This approximation was first used by Richmond [2].

Npg Subscatterers

a
Source 9.4(r)
* o oo!IOC’oQ e oeoee"v&(n

f N Subscatterers

Fig. 1. The replacement of volume scattering centers by surface scattering
centers using Huygens’ principle can greatly reduce the number of scattering
centers needed to represent the scatterer.

Hence, the total scattered field is given by

E*(r Z¢ (r—r) ZIMN«) Tjs 0, (6)

In the above, Tij(NA),z',j = 1,2,-+.,N4 are called inter-
action matrices; they describe the interactions between N4
subscatterers. They also describe a scattering process whereby
the wave enters through the jth scattering center and leaves
through the ith scattering center. They can be found in a
variety of ways, for example, by Gaussian elimination or by
a recursive algorithm as in [8] and [9].

HI. EQUIVALENCE OF INTERACTION MATRICES

As shown in the above section, the scattered field can be
determined by the N3 interaction matrices for a group of N4
subscatterers. In this section, we will show by the Huygens’
equivalence principle that there is another set of interaction
matrices which will generate the same scattered field. To
this end, we first give a definition of equivalent interaction
matrices.

Definition: Two sets of interaction matrices Ti j(v.4) and
Ti]( Np) are said to be equivalent if they generate the same
scattered field via (6) for the same incident field.

In the following, we will give a mathematical description
for the equivalence of the interior subscatterers by those on the
surface using Huygens’ equivalence principle [13] (see Fig. 1).

First, we assume that S is the boundary of a volume region
V, and V contains sources which generate field £ and H on
the boundary. Next, we let 7’ be a point outside V, as shown in
Fig. 2. Huygens’ equivalence principle states that the field at
r’ due to sources inside V' can be represented via equivalent
sources on the boundary

E(r) = _?g dS[h x E(r) -V x Ge(r,7')

+iwpn x H(r) - Go(r,r")] @)
where
_ AvAv iklf-—r’|
G.(r,r) = (I-I— 2 )m (7a)

is the free space dyadic Green’s function. Equation (7) has a
double role. First, it provides an indirect approach to compute
the field at points outside V. Second, it tells us how to construct
the equivalent sources: the equivalent sources are simply the
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Fig. 2. The Huygens’ equivalence principle.

tangential components of the fields, which are electric and
magnetic surface currents.

Apart from the above two points, we also observed that: 1)
The equivalence principle does not specify the type and the
number of the original sources inside V; they could be any
kind of sources: induced sources, other equivalent sources,
a point source, several point sources, or distributed sources.
2) The equivalent sources are uniquely determined by the
shape of the surface and the density of the tangential field
components. The original sources could be volumetric, and
hence, reside in a 3-D space, while the equivalence sources
reside on a surface which is on a space of dimensionality one
less than the 3-D space. Consequently, this allows us to replace
a large number of sources with a relatively small number of
sources.

The mathematical representation of a source can be dif-
ferent. For example, (2) represents an incident field by its
multipole expansion about the source point, while (6) repre-
sents the induced sources by a set of matrices Tij( NaybhJ =
1,2,---,N4. Similarly, we can represent equivalent sources
in the same manner, i.e., via another set of interaction matrices
Tij(Ny)»isj = 1,2,---,Np. We shall now construct the
relation between the two sets of matrices using (7).

A. The Outside Equivalence Problem

For waves leaving the scatterer, we can replace the sources
of the outgoing waves with Huygens’ equivalent sources. First,
we divide the surface S into Np small surfaces or patches,
where each patch is of area AS. As a result, (7) can be
replaced by a discrete summation using integration quadrature
rule yielding

Npg
(') == ASwi x E(ri) - V x Ge(ri, 7')
i=1
+ iwpn x H(r;) - Ge(r;, )] ®)
where the weight w; depends on the quadrature rule used [15].
At the ith patch, we let # = r” + r;. Here, 7’/ is the local
coordinate for the ith patch. Then
r—r=r"+ri—r'=¢" - (¥ — 1) )
Under the condition that |r’ — r;| > |r”|, the dyadic Green’s
function G.(r,r') can be expanded as (r; = r' —r;, [13, p.
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4091)
G.(r' 7)) = ZL’“(_[% My (7)Mo (7))
e 1P v (n +1 Fl T
+ Ro Ny, - (r") N (7). (10)
Then it is easy to show that
G.(ri,r') = G(r" =0,1)). (11)

Consequently, (8) can be written more compactly as

E(r') Z Z{Mnm

bN[]nm+Nnm(r )[b ]nm}

(12)
where
My K™ . \.
;" Jnm = ————n(n ) ASw;[; x E(r;) S‘EgNn,_m(O)],
(13a)
k2 m L
g —Z(n(—+i)—ASwi [inii x H(r:) - RgNo _m(0)]

(13b)

#; is the average normal of the ith patch, and 7 = /Ho /€0
is the free space impedance.
In the above derivation, the identities

VxM=kN, VxN=kM
have been used. Equation (12) gives the source-field relation
for the equivalent sources on the surface S.

We assume that the source-field relation for the interior
sources is of the form as (1) with multipole amplitude given
by aj,j = 1,2,--,Na. Then

= Z{M"l"(r - rj) : [ay]uu + N,,M(T - Tj)

Jvn
[aFluu}, (142)
1
H(r) =2 3 (Nu(r =) - @) o+ Mun(r =1)
I
[aflou}- (14b)

We let r = r; in (14a) and (14b), and substitute them into
(13a), we have
_ =ik
™7 n(n+1)
: Z(ﬁz X My, (1) - [a;‘w]vn + R
Jvu
: Nuu("ji) : [GJE]'/H)
where rj; =1, — T;. Alternatively, we can write the above as

> {lel™

IV

M, ASwRy N, —m(0)

(b7} = M omwp - 18 ]+ B E L (0T b}

(15a)
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Similarly, we have

b Jum = Y _{[eF

M]nm,t/u ' [“?/[]w + [Eij]nm,uu

e
i [aﬂvn}' (15b)
In the above
—ik? (=)™ 7
M) s = _mASwi%gNn,—m(O) oy
X Mvu(rji)a (]63)
L ;.
[Cu ]nm,uu - n{n + 1) Asw’%yNna—m(O) K
x N, (r;), (16b)
[Egh[]mn,uu = [E?;[E]"m"’”’ (16C)
[EiEjE]nme,,u — [E%M}nm,vu' (16d)
Denoting
Fo) _ . _ [efM eME
h;j =¢;= [ZﬁM ﬁE
ij

we have the relation between the equivalent sources and the
original sources

b = ZEE;) - a;
J

where b; = [bM . bF]" and a; = (@}, aF]". If there is only
one interior source located at r; m81de V then the field at r’
corresponding to this source is given by (14a) with N4 = 1, or

E(r) =9 (r' = ;) a;.

The above is the direct source-field relation. On the other
hand, we have an indirect source-field relation in (12) via the
Huygens’ equivalence principle, or

)—D 1)y e

i=1

Equating the two representations, we have for an arbitrary a;

&t —(0)
:Z‘/’(T—Ti)'hij-
i=1

Equation (17) is the first equation which will be used to
derive the equivalence between interaction matrices of interior
subscatterers and boundary subscatterers.

Pr—r;) a7

B. The Inside Equivalence Problem

In a similar manner, the sources generating incident waves
impinging on a scatterer can be replaced by Huygens’ equiv-
alent sources. Now we consider the sources outside of V and
compute the field at v’ inside V due to outside sources. Using
similar steps as in deriving hn,), we can write the field E(r )
in the same form as (12), (13a), and (13b), except that v’ is
inside V' in this case.

Suppose that the source is located at r; with the multipole
amplitude a;, then the fields at r due to this source are given

by
E(r) = Z{Mwu(r —-rs)- [ai\l]uu +N,u(r—rs)

[ Plonts (18a)
Z{Nw [“ ]w"‘Mw(T—Ts)
: [af].,,i}. (18b)

Equation (18) gives an outgoing wave centered at r,, and the
field point r is not specified yet. Now, we let r be a point in the
vicinity of r; € S, with ¢ = 1,2,---, Ng. Observe that at r,
the field can also be considered incoming waves focusing at r;.
This is more rigorously given by the vector wave translation
equation from the vector addition theorem as in [12] and [14]

M(r—r,)=RM(r—r;) Ais + RyN(r — 1) - By,
Nir—r)=RM(r—r;) Bis+R,N(r—1,)-A

Therefore, the above can be rewritten as

=3 {RM,u(r —1i) - [a]up + RgNou(r — 1))
vp
“[aflun}, (18¢c)
1
H(r) = n Z{myNw(r = 1) [al]ou + RoMou(r — 1))
vp
afluu} (18d)
where a;; is related to a; by
‘_zis Eis CG. = Tie - @
a’LS - Els Als s T 18 8.
Substitution of (18c) and (18d) into (13a), we have
M k2 (=)™
: = ——-AS iRgNn,—m (0
[b: T = n(n+1) w 0)
i % Y (RyMuu(0) - [ s
vy
+ %QNVM(O) : [az‘]i]vu)
or
6} T = ZHCZ”M Jnmwi - (08 )vu + (€ Flamon
[a Jont (19a)
Similarly, we have
b7 lnm = Z{[czEM]nm,vu @l + €7 nmon
vp
[aflon}- (19b)
Hence
MM ZME
bl =C '8s = [%ME CEZEE } a;s (19C)
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where
MM _ —ikA()™ _ R
[C’L ]""h”# - n(n + 1) Aswlmglv‘n,—m(o) "Ny
x R,M,,.(0), (202)
[€ME) v :MASw% N (0) - 7
1 wp n(n+ 1) VgV p —m i
x RyN,,(0), (20b)
[CiEM}nm,uu = [czME]nm,vw (20c)
[czEE]nm,uu = [C?JM]nm,up- (20d)

In the above
R, M uu(o) =0
and

R,N,,(0)=0, v#1
2 /3 A
RyN1,71(0) = 3 g(iw - 19),

2 /3,
mgNl,o(O):é- EZ.

Now, assume that the source is located outside V at r,, and
r; is an interior point, the incident field in the vicinity of rj
due to source at r; can be written as

1 —t —
E"(r) =Ry (r —71;) - Qjs - s 21
Applying the equivalence principle, this field can be thought
of as coming from the equivalent sources on the boundary

Np
E"(r)=3 "% (r-r)-b 22)
=1

where b; is given by (19¢).

Using translation formula to translate Et (r — r;), the out-
going wave originated at r; to an incoming wave centered at
T;, we have

—t —t —
P (r—71) =Ry (r— 1) @i 23)
Substituting W(r —r;) in (21) by (23), and equating the

resultant equation and (22) for arbitrary point r near r;, we
obtain

& B )
— — e — Ry —
ajs'as:E Oéjz"ci'ais'as=2 h;; -ais-as (24
i=1 =1

with

@ _
h;i =i ¢

(25)
Equation (24) is the second equation which will be used for
our equivalence problem.

With (17) and (24), we can easily relate the equivalent
interaction matrices I;;(n,) with the -original ones Ti]-( Na)-

To this end, we start with (6), and replace P’ (r —r;) in it by
(17), and replace @; - a5 by (24), to obtain

Ng . Na —(0) Na _
E*(r) = }: P (r—rm): zh’mi : ZIij(NA)
m=1 i=1 i=t

Ngp X
S R e B (26)

m'=1

The above can be rewritten as

Np R Np
Esca(r) = Z () (T _Tm) : Z Imm'(NB) cOmts * Bs
m'=1

m=1

v

where
ZN" (0) ZNA ()
= 5-(o = —(
Imm’(NB) = mi Iz](NA) . h]m: (28)
i=1 7=1

Equation (28) specifies the equivalence relation between the
original interaction matrices and the equivalent ones. This
is the key equation for NEPAL. We will explain how this
equation is used to reduce the number of interaction matrices.

For a volume scatterer, the total subscatterers are divided
into boundary subscatterers and interior subscatterers. If we
define Ef,‘ﬁ = ﬁ:}l = T for i = m, then the right hand side
of (28) may also include interaction matrices of boundary
subscatterers.

Let N4 be the total number of subscatterers, and Npg,
the number of boundary subscatterers. Then the number of
interaction matrices is reduced from N3 to N 2. This could be
significant if Ng < N 4 as shown in Fig. 1. Furthermore, there
is no violation of addition theorem in using this equivalence
principle.

IV. THE NESTED EQUIVALENCE
PRINCIPLE ALGORITHM (NEPAL)

As mentioned in the introduction of this paper, the idea
of NEPAL is to reduce the number of scattering centers, or
the number of interaction matrices, as shown by (28). In this
section, we will describe the steps involved in this algorithm.

To begin, we define a nested group systems which consists
of different levels of groups, i.e., a level [ group contains eight
members, each member itself is a group of level [ — 1, where,
I=L,L=1,---,2,1. In the scattering problem, we consider
all the subscatterers in the original volume scatterer as a level
L group. This group is first divided into eight level L — 1
groups, each L — 1 group is then divided into eight level L —2
groups, and so on. The proces continues until the lowermost
level of groups is reached. It can be seen that if the number
of total subscatterers is N = 8L, then the number of level !
group is N/8.

We can start to solve the problem at any level. A brute
force approach is to start at level L. In the approach of this
paper, we start from level 2 (one can see from the following
discussions that starting from level 1 results in exactly the
same algorithm as starting from level 2 since there are no
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interior subscatterers in level 1 groups). In each level, we find
the scattering solution for each of the groups in this level,
and then use Huygens’ equivalence principle (28) to replace
the interior subscatterers of a group by subscatterers on the
boundary of the group, so that the scattering properties of the
group are represented by the subscatterers on the boundary. As
a result, the interior subscatterers in each group are “removed”
and the number of subscatterers in each group is reduced.

For example, in the starting level (level 2), we first solve for
the scattering solution for each group of 64 subscatterers. Then
(28) is used to remove the interior subscatterers. In this level,
there are only eight interior subscatterers for each group. After
this step, each group contains 56 subscatterers with a known
solution. One is to be reminded, however, that the solutions
are for each of the groups only, i.e., the solutions account only
for the interactions within each group in isolation. Moreover,
we need to repeat this process in this level for N/64 times
since there are N/82 groups in this level.

Next, we go to the next higher level—level 3. In this level,
each level 3 group contains 448 subscatterers, as it is made up
of eight level 2 groups and each level 2 group now contains 56
subscatterers. The solution to the 448 subscatterers together is
not known. Hence, we first solve for the scattering solution for
each level 3 group with 448 subscatterers. Then their interior
subscatterers (152 for each group in this level) are removed via
(28) and 296 subscatterers remain in each group of this level
with known solution. Again, we need to repeat such process
for N/8% times for all the N/8% groups in this level.

We see that at each level, upon removal of the interior
subscatterers, a group contains fewer subscatterers than what it
has originally. The process is continued until the highest level
(level L) is reached, where there is only one group which
is made up of eight level L — 1 groups. Again, the solution
must be sought for the group; however, since the interior
subscatterers for the eight level L — 1 groups are removed,
this group contains much less subscatterers than N, the total
number of subscatterers for the original problem. As a result,
much less operations are expended to find the final solution.

It is seen that the work at each level contains two parts:
one to find the scattering solution, the other to remove the
interior subscatterers. It is important that the removal of the
interior subscatterers of a group does not change the scattering
property of the group. The solution of interaction matrices can
be found in the same way as described in [1].

Using similar analysis as presented for the 2-D case [1],
the computational complexity can be shown to be CN? for N
small spheres, where C is a constant. In the above, we describe
the algorithm using base eight, i.e., a level [ group contains
eight level { — 1 groups for [ = L,L —1,---,1. We can also
use other bases, however, such as base four and base two.
Though the computational complexity, CN2, does not depend
on the base used, practical implementation shows that base
two algorithm is the most efficient one in the sense that it has
a smaller constant C' (roughly 900). The memory requirement
is of O(N*/3) in 3-D and of O(N log N) in 2-D.

Once the solution is found, the computation of the scattered
field is of a subdominant cost. This can be easily seen from
(27), in which a, is the incident wave expansion coefficient

and is arbitrary, so that once 1. (Ng) are computed, they can
be used to calculate the scattered field for any incident wave
at the cost of O(N3) operations, where, N3 ~ O(N%/3) is
negligible compared to the total computational cost O(N?).

V. PARALLELIZATION OF THE CODE ON CM-5

The Connection Machine CM-5 of Thinking Machine Corp.
at the National Center for Supercomputing Application at the
University of Illinois is a massively parallel processor (MPP)
machine with 512 processors. A version of NEPAL was first
written on a SUN SPARC workstation which was a serial
machine. The version of the code did not run efficiently on
a massively parallel machine. Much of the code has to be
rewritten for an MPP machine.

There are two major processes in implementing NEPAL:
they are the interaction matrix algorithm (IMA) process and
the equivalence principle process. The IMA consumed most
of the CPU time. When NEPAL was first implemented on
the CM-5, the code called an external function in the library
of CM-5. This function inverted a matrix by Gauss-Jordan
method (the name of the function was “gen_gj_invert”). When
this function was called in the IMA part, the CPU time for
matrix fill was dominant, because the matrix inverse was
greatly expedited. This was not the case on a serial machine.
Hence, the matrix fill had to be expedited, making it a smail
portion of the total CPU. An estimated throughput of about 1
GFLOPS on a 64 processor partition of the CM-5 was obtained
using this approach.

VI. NUMERICAL RESULTS

Using this algorithm, we have developed a program to com-
pute the scattering solution of a rectangular cubic dielectric
scatterer. In our numerical simulation, six spherical modes
(three for TE and three for TM) are used to expand the
scattered field of a subscatterer. Fig. 4(a) and 4(b) show the
scattered field (magnitude and phase, respectively) of a cubic
dielectric scatterer with side length ¢ = b = ¢ = 1.6\ and
¢, = 2.6. The incident wave is coming from 6 = 180 degrees
and ¢ = Odegrees with 6 polarization and a frequency of
300 MHz. The scattered field is observed at § = 0 degrees to
6 = 180degrees and ¢ = Odegrees. Only the E4 component
is plotted. The results agree well with that of the brute-force
solution using Gaussian elimination.

Fig. 5 shows RCS of a dielectric rod of radius 0.4\ and
of length 0.8, with ¢, = 2.05. The discretization A = 0.1,
while the wave is incident from the axis of the cylinder, and the
RCS is plotted as a function of the off-axis angle. The result
compares well with the brute-force solution using Gaussian
elimination.

As for the computational complexity, Fig. 6 shows the
comparison of the CPU time (on the CM-5) of this method
(NEPAL) with the brute force solution. It is seen that when N,
the number of unknowns, is small, NEPAL is not as efficient
as brute force. When N is large, however, NEPAL becomes
more efficient than brute force. The crossover occurs at about
N = 1800. It is also seen that the slope of the CPU time
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Fig. 3. At the lowest level, each cubic box representing a group contains 64
subscatterers. The scattering solution of each group can be found, and then
grouped by groups of two for the next level.
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Fig. 4. (a) Scattered field (magnitude) of a cubic dielectric scatterer for plane
wave incidence at 8 = 180 degrees. Side length = 1.6\, ¢, = 2.6, f = 300
(MHz). Field points are on the circle of r = 10X. The cube is divided into
512 small subscatterers. (b) Scattered field (phase) of a dielectric cube with
the same parameters as in (a).

curve for NEPAL is decreasing and approaches the slope of
an N? curve.
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Fig. 5. The RCS of a circular dielectric rod of finite length whose radius
is 0.4, length is 0.8, and with ¢, = 2.05. The discretization A = 0.1A,
the incident wave is from the axis, and the RCS is plotted as a function of
off-axis angle. The number of unknowns is 3036.
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Fig. 6. Comparison of CPU time of NEPAL and Gaussian elimination.

VII. CONCLUSION

We have presented in this paper the extension of the nested
equivalence principle algorithm (NEPAL) to three dimensions.
The algorithm is based on Huygens’ equivalence principle
by nesting small algorithms within a larger one. Therefore,
the key element is to divide the computation into several
stages and reduce the number of unknowns at each stage.
This represents an efficient algorithm for directly solving the
integral equation of scattering with reduced computational
complexity of O(N?). In other words, this method seeks the
inverse of the integral operator in less than O(N?) operations.
Hence, it can be used to compute the scattering solution of
large objects for many incident waves.
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