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The Use of Huygens’ Equivalence Principle for
Solving the Volume Integral Equation of Scattering

Weng Cho Chew, Fellow, IEEE, and Cai-Cheng Lu

Abstract— A new algorithm is introduced to solve the volume
integral equation of scattering. A volume scatterer is first divided
into N subscatterers. Then the subscatterers are divided into
four groups, and the groups are in turn divided into four
subgroups and so on. By using the idea found in many fast
algorithms, a smaller problem can hence be nested within a larger
problem. Moreover, by way of Huygens’ equivalence principle,
the scattering properties of a group of subscatterers in a volume
can be replaced by a group of subscatterers distributed on a
surface enclosing the volume. Based on this idea, we present an
algorithm which solves the scattering problem by several stages,
where at each stage the interaction matrix algorithm is first used
to find the scattering solution of each subgroup of subscatterers.
Subscatterers are then replaced by equivalent surface subscatter-
ers which are used in the next stage. Consequently, this results
in a reduction in the number of subscatterers at every stage.
This algorithm can be shown to have a CPU time asymptotically

proportional to N13 for N subscatterers.

I. INTRODUCTION

AST algorithms to solve integral equations have been

studied by several investigators [1]-[5]. Many of these
methods reduce the computational complexity of matrix-vector
multiplications [1]-[3], [5S] while others transform a dense
matrix (e.g. found in the method of moments) to a sparse
matrix [4]. Recently, we have developed a recursive aggregate
T-matrix algorithm (RATMA) to solve volume integral equa-
tion with less computational complexity than a direct solution
via a matrix equation with Gaussian elimination [6]-[13].
The method has a computational complexity of N? for two-
dimensional scattering problems while it has a computational
complexity of N7/3 for three-dimensional scattering problems.
Here N is the total number of unknowns needed to characterize
the volume of the scatterer. These algorithms can also be
applied to scattering by strips and patches [14]-[16].

In this paper, we introduce a new algorithm to solve volume
integral equation with asymptotic computational complexity
of N3 in two dimensions and N2 in three dimensions [17].
This is of less computational complexity than the recursive
aggregate T-matrix algorithm (RATMA). This method makes
use of Huygens’ equivalence principle [18]-[20] in a nested
manner. We shall call this the nested equivalence principle
algorithm (NEPAL).
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The nested equivalence principle algorithm is similar to
many fast algorithms such as the FFT [21] and the nested
dissection ordering approach in the finite element method
[22]-[24]. The principal idea of this approach is to nest one
algorithm within another so that a smaller problem is solved
before a larger one. The size of the problem increases by a
factor of 2™ at each stage, where n is the dimension of the
problem. In this manner, an N unknown problem is solved in
log,. N steps. A nesting procedure of this type has also been
used in [1], [2], and [5].

II. THE VOLUME INTEGRAL EQUATION
A volume integral equation has the form [18], [20]
Fscall)

D(r) = dine(r) + / dr'go(r — ¥ )E3[er () — 1](r") (1a)
s
or
¢(T) = ¢inc(r)
+/ dr' Vgo(r — e ' (7') — 1] - V'¢(r'), (Ib)
A% ,

~

$scalT)

where go(r —7') is f—l'Hél)(ko\r —7'|) in two dimensions and
e*olT=Tl /47r|r — +'| in three dimensions. Equation (la) is
derivable from the differential equation

[V2 + kfer(r)](r) = s(r) (22)
while (1b) is derivable from
Ve l(r) -V + Eo(r) = s(r), (2b)

assuming that the solutions satisfy radiation condition at
infinity. In two dimensions, (2a) describes the scattering of
E.-polarized waves while (2b) is that of H,-polarized waves.

One way to solve (1) is to discretize the scatterer into
N4 discrete pieces and approximate the integrals in (1) with
summations. Hence,

N4
¢sca(r) = ZAV’[U,Q()(T - T;)kg[ﬁr("':) - 1]¢(T{L) (33)
=1

or
Na
Peealr) = »_AVw;Vgo(r—ri)[e; () —1]-V'é(r}). (3b)
=1

In the above w; depends on the integration rule used [25].
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In (3), the scattered field can be thought of as being scattered
by N subscatterers, each with a scattering center at r%. In
(3a), the subscatterers are scattering like a monopole because
they radiate via go(r — r') while in (3b), the subscatterers
are scattering like a dipole because they radiate via Vgo(r —
r7). Obviously, equation (3) will be a good approximation
of the scattered field if the discretization density is high
enough.

The general expression for the scattered field is in terms
of a linear superposition of monopole and dipole fields,
each centered at r;. Moreover, these monopole and dipole
fields are expressible in terms of cylindrical harmonics in
two dimensions and spherical harmonics in three dimensions.
Hence, in general, the scattered field can be expressed as [12],
[20, p. 464]

Ny
d’sca(") = Z¢t(k01 Ti) : biv (4)
=1

where r; = r — 7}, and 1/)t(lc0, r;) is a row vector contain-
ing cylindrical harmonics for two dimensions, and spherical
harmonics in three dimensions.! Its element v, (r;) is also
defined in the Appendix. The column vector b; contains the
magnitudes of the harmonic expansions. When the size of
the subscatterer is small, say about 0.1\ in diameter, the
harmonic expansions need only contain the monopole and
the dipole terms. For monopole subscatterers, b; is a one-
component vector corresponding to the monopole harmonics,
and for dipole subscatterers, b; is a two-component vector
in two dimensions corresponding to two harmonics (¢*® and
e~%), and a three-component vector in three dimensions. The
unknown b; can be found by imposing the boundary conditions
on all the N subscatterers.

III. HUYGENS’ EQUIVALENCE PRINCIPLE

Huygens’ equivalence principle states that the scattered field
from a scatterer can be replaced by the field radiated by
equivalent sources on a surface .S which encloses the scatterer.
Stated mathematically, this is [20, p. 29]

bualr) = = § S [Bualr) Vgl = )
g dipole

- gO(T - r’)v’¢sca(7/)]- 5)

—
monopole

The above is also known as Green’s theorem [18]. Since
7 - V'go(r — ') is a field due to an 7/-directed dipole at +/
while go(r —r') is a field due to a monopole (or point charge)
at /, the first term in (5) can be attributed to a surface dipole-
layer source while the second term in (5) can be related to a
surface charge source.

! Throughout this paper, we will use the notation r; = r — r;, and the
“prime” will be used to denote a source location.
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Fig. 1. Huygens’ equivalence principle is used to replace the volume scat-

tering centers by surface scattering centers.

In an actual numerical implementation, the integral in (5)
is discretized and becomes

Ng
buealr) = = ASwnfeca(rn )i - Vo(r —1,)
m=1

—1 - V' sea(rl)go(r — 11,)],  (6)

where w,,, depends on the integration rule used. In this numer-
ical approximation, the scattered field from N, subscatterers
is replaced by that from Np subscatterers on the surface S
(Fig. 1).

Since the scattering centers in (6) are monopole and dipole
centers whose scattered fields are expressible in terms of
cylindrical or spherical harmonics, (6) can be written in general
as

Ng
Psca(r) = Y _9'(ko, Tm) - €m, (7)
m=1
where 7, = r — v, and ¢, depends on ¢s.,(r},) and

7« V/sca(rh, ). In general, when the subscatterers are small
enough, at most three harmonics are needed in %' (ko, rm)
to account for the monopole and dipole scattered fields from
each scattering center. Hence, the unknown ¢, is also a three-
component vector. The above procedure has the important
effect of reducing the number of scattering centers of a
scatterer by replacing the volume subscatterers by surface
subscatterers. This is one of the key points for the success
of NEPAL.

Since ¢scq(r7,) is a linear functional of b; in (4), a general
linear relationship can be established between ¢, in (7) and
b; in (4). It can be shown that

Na
cm =Y ot b

i=1

(8a)

or
Na

Np
bucalr) = S W' (o, Tm) - 3 o - bi.
m=1

i=1

(8b)

Since c,, and b; are three-component vectors, EEZZ isa3d x3
matrix which is dependent on the location of the subcatterers.
The explicit form for ﬁ:)

; in two dimensions is given in the
Appendix.
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The above represents the use of Huygens’ equivalence
principle to alter the scattering centers of the scattered waves.
A similar idea could be applied to the incident wave so that
the scatterer, instead of being illuminated by a source far from
the scatterer, is illuminated by some equivalent sources much
closer to the scatterer.

To this end, we express the incident field impinging on the
N, subscatterers in general as one generated by a source
(monopole or dipole, or combination thereof) located at 7.
Hence,

d’inc("') = '/)t(koﬁ TS) c G, (C)]

where r, = r — 7/, and 7/, is a position vector denoting the
location of the source in Fig. 1. Equation (9) is valid every-
where outside the source region. Using the addition theorem,
this incident field can be expressed as being impinging on the
jth subscatterers in the N 4 subscattereers, or [12], [20, p. 464]
Gine(r) = R’ (ko. 7j) - Tjs - @s- (10
Here, Rgvp’ (ko, ;) is a vector containing the regular part of
the harmonics involving Bessel functions and 7; = 7 — r;.
@, is a translation matrix [12], [20, p. 464] that allows the
change of coordinates of the wave functions (see also the
Appendix). Since the expression (10) need only be valid over
the smallest circular region containing the jth subscatterer,
which is small compared with the wavelength, the number of
harmonics needed in expanding (10) is at most three. Hence,
@;, is at most a 3 x 3 matrix.
Similarly, by using Huygens’ equivalence principle, the
incident wave, instead of coming from one source as in (9),
now comes from Np equivalent sources. Hence,

N
d)inc(r) = %g¢t(k07 1']') . Zﬁgz “ Qs * Os- (1D

m=1

When these equivalent sources are small compared with the
wavelength, the number of harmonics needed in (1 1) is at most
three, similar to the case in (7). By similar argument given to
@, in (10), @ms in (11) is a 3 x 3 matrix, and hence, ﬁ;lm is
a 3 x 3 matrix. It is explicitly given in the Appendix.

Equation (11) can be used to shift the centers of the incident
field. Note that (8b) is valid everywhere outside S and (11) is
valid everywhere inside S within numerical approximations.
These two procedures of shifting the scattering centers and the
centers of the incident field are important for the subsequent
implementation of NEPAL.

IV. REDUCTION OF INTERACTION MATRICES

If the scattering solution is known, then the scattered field
amplitudes b; in (4) are known. Moreover, they are linearly
related to the incident field via interaction matrices [26].
Hence, we can rewrite (4) as

Na Na

Pscalr) = tht(k(], ;)" ijj(NA) S Qs G, (12)
i=1 j=1
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where r; = r — 1}, I;j(v,) is the interaction matrix that
accounts for wave interaction between the 7th and jth subscat-
terers, as denotes the amplitudes of the incident waves in (9),
and @;, is the translation matrix that changes the coordinates
of the wave from the s coordinates to the j coordinates (see
the Appendix). Note that there are N?% interaction matrices in
(12).

Using (8b) and (11), which have been used to rewrite (7)
and (10), we can rewrite the above as

Np Na () Na
, —(o -
focalr) = S W (ho, ) - D Pomi - D _Tij(vn)
m=1 i=1 =1
Np

. Z Eilvzl’ C Qs Qs (13)

where r,, = r — r’,. The above can be rewritten as

Np Np

(psca(r) = Z"/}t(k()ﬁ Tm) : Z *—[mm’(NH) c Qs Qs (14)
m=1

m'=1

where
Na Na

_ —(0) = (8
Imm/(NB) = Zh’mz . Zlij(NA) . h‘]m"
i=1 j=1

In (14), the number of interaction matrices is reduced from
N2 to N}, where Np < Nj4. Hence, by replacing volume
scatterers with surface scatterers, the number of scattering
centers used to describe the scatiering process is greatly
reduced. Furthermore, there is no violation of the addition
theorem in using this equivalence principle.

(15)

V. THE NESTED EQUIVALENCE
PRINCIPLE ALGORITHM (NEPAL)

We shall describe the nested equivalence principle algo-
rithm (NEPAL) verbally first in this section, followed by a
mathematical description in the next section.

The nested equivalence principle algorithm is similar in
spirit to the fast Fourier transform and nested dissection
ordering in the finite element method [21]-{24]. The idea is to
divide the original problem into subgroups. The subgroups are
then further divided into sub-subgroups until the lowest level
of subgroups is reached. In two dimensions, the lowest level
of subgroups is in groups of four while in three dimensions, it
is in groups of eight. (For 1-D FFT, it is in groups of two.) The
goal of NEPAL is to find a scattering solution that accounts
for all the interactions between the subscatterers. To simplify
the discussion, the following is for two dimensions using a
rectilinear grid, even though a rectilinear grid is not mandatory.
Similar discussion can be extended to three dimensions.

It is assumed that the scattering solution of each subscatterer
is known. The solution could be found for instance by the T-
matrix method or its like [12]. Next, the scattering problem
involving the lowest level of subgroups of subscatterers is
solved. In two dimensions, even though a subgroup in the
lowest level consists of four subscatterers, we shall not start at
the group of four because Huygens’ equivalence principle, to
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Fig. 2. By nesting a smaller problem within a larger one, Huygens’ equiva-
lence principle is used to reduce gradually the number of scattering centers by
surface scattering centers. Scattering problems are also solved at each stage.

be discussed next, cannot be used here. Instead, we start with
the group of 16 subscatterers in our first stage.

Hence, in the first stage, the scattering solutions for groups
of 16 subscatterers are obtained. These scattering solutions
would account for only interactions between the 16 subscat-
terers in the group but would not account for interactions of
the subscatterers within the group with any other subscatterers
outside the group. Hence, they do not represent the correct
solution yet. After the scattering solution from a group of
16 subscatterers is known, Huygens’ equivalence principle is
used to replace the 16 scattering centers with 12 scattering
centers. The procedure is repeated N/16 times, representing
the number of subgroups in the first stage. This is illustrated
by stage 2 in Fig. 2. Note that by so doing, the number of
scattering centers is reduced at the first stage.

In the next stage, the scattering solutions are solved for
groups of four subgroups, each consisting of 12 subscatterers,
implying a total of 48 subscatterers. Again, after the solution
is sought, Huygens’ equivalence principle is used to reduce the
number of scattering centers from 48 to 28. This procedure is
repeated N/(16-4) times. This is illustrated by stage 3 in Fig.
2. The process is repeated until the scattering solution for the
entire scatterer is obtained whereby interactions between all
the subscatterers are accounted for.

As the subgroup is growing from stage to stage, the number
of elements in each subgroup is growing as the sequence 4 - 4,
4-12,4-28,4-60, 4-124,---. The important thing to note
here is that at each stage the number of groups is reduced
by a factor of 4, while the number of unknowns is roughly
increased by a factor of 2, as denoted by the above sequence.
Moreover, the problem is solved in log,(N/4) stages.

In the nested equivalence principle algorithm, a scattering
solution for four groups of scatterers is required when the
scattering solution of each group is known. This calls for a
recursive algorithm which provides the solution of the larger
groups from the smaller groups. To this end, we shall use the
interaction matrix approach (IMA) [26]. It is to be noted that
the interaction matrix approach may not be the only approach
possible for this implementation.

VI. THE INTERACTION MATRIX APPROACH (IMA)

Notice that in the above algorithm, it is necessary to derive
the scattering solution of four groups of subscatterers if the
solution of each of the groups is known. We shall discuss
finding the scattering solution of four groups of subscatterers
assuming the solutions of each group of subscatterers are
known (see Fig. 3).

First, assume that the number of subscatterers of each group
equals Np;, where ¢ = 1,---,4, and that the scattering
solution of each group is known.? Given the scattering solution
of a group of Np; subscatterers, the scattering solution can be
written using the interaction matrix approach (IMA) as [26]

Np;

;ca("') = Z"/Jt(kOa rl) : Zjlm(Nat) COys - Qs (16)
=1 m=1

Npi

With four groups of (16), we are to obtain the scattering
solution for a larger group, N,, of subscatterers, where N, =
Zf:l Np;. Hence, we seek the solution

N, N,
¢sca(r) = Z’/)t(kO’ rl) ' Zjlm(NC) cQms * Q. a7n
=1 m=1

This solution now accounts for the interactions between all the
subscatterers in the four groups.

The above problem can be solved by the matrix-partitioning
method. Alternatively, we can solve it with the interaction
matrix approach (IMA) [26]. To this end, it is more suggestive
to write (16) as a one-scatterer solution and (17) as a four-
scatterer solution. Hence, (16) can be expressed as

Prealr) =ko, 1) Ti1)-Ais-as,  i=1,---,4, (18)

where
[ (ko, 7)) = ¥'(ko, 71),  I=1,---,Ng; (19
[Tsw)lim = Do) L m=1,---,Np; (19b)
[Ass]: = @s, 1=1,---,Ng. (19¢)

Hence, when four groups of scatterers are present, they
resemble a four-scatterer problem, and (17) could be expressed
as

4 4
¢sca(r) = Ewt(kOa ri) : ZTU(LI) : st By, (20)
i=1 j=1

2Even though in this work, N, is the same for different ¢’s, they need
not be the same.
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Fig. 3. The interaction matrix approach is used to account for the inter-

actions between four groups of subscatterers given that the interactions for
subscatterers within each of the groups are known.

where

[fi](-’l)]pq = T(i—1)NB,1—1+ZL(J'—1)NB.;>1+f1(1\7<)
pzlr"'aNBiv qzlv"'aNBj*,

=14 1)

Therefore, once Z; ;4 is known, Tj,,(w,) is known. Z;;(4) can
be obtained from 7 ;;;y using a recursive algorithm via the
interaction matrices approach (IMA) [26]. Reproduced below,
it is

p— —_1 —_—

Tnitjneny =D 7 Toiaqys

D= |I- 7n+1(1) . Zzn+l,i : Zfij(n) 'Zj,n+1
i=1 j=1

(22a)

[Zzn-{»l,i : Tij(n):l (22b)
im1

In+1,j(n+1) = In+l,n+l(n+1) :

Tinti(ni1) = Zfij(n)'zj,nﬂ Tntintiney (220
=1

Lijine1) = Lijim) + Zjij’(n) A g1 ot i)

Jj'=1
(22d)
where i, j = 1,---,n, n =1, 2, 3, and
[4jns1)im = Cim,  1=1,---,Npj,
m=1,---,Npni1. (23)

IMA has a computational complexity of O(N?) for solving
an N-unknown problem.

VII. COMPUTATIONAL COMPLEXITY

For simplicity, rectilinear grid is used for the following
discussion. It is observed that for this grid, the use of Hugyens’
equivalence principle reduces the number of scattering center
from 16 to 12 in each group, before grouping by four is done.
From the discussion in Section V, the number of scattering
centers in a group increases as the sequence 4 - 4, 4 - 12,
4-28,4-60, 4-124,---. This sequence is described by 4n;,

901

where n; satisfies the difference equation n; = 2n,;.1 +4 with
initial value n; = 4. The solution for n; is shown easily to
be n; = 4(2° - 1).

We assume N scattering centers in the original problem,
each of which is at most a dipole scatterer, so that we
can approximate the scattered field from each center by M
harmonics, where M is at most 3. Hence, there are all together
NM unknowns. Furthermore, we assume that NV is a power
of 4 so that at the lowest level there are N/16 subgroups,
each with 16 scattering centers. With 164/ unknowns for
each group, the number of operations needed to solve for
them is (16M)3 with an O(n3) algorithm repeated N/16
times. Hence, the total operation count at the lowest level is
proportional to (N/16)(16M)3.

Consequently, at the ith stage, the number of unknowns is
4n;M per subgroup with N/(4 - 4') subgroups. Hence, the
operation count needed at the ith stage is N/(4-4%)(4n; M)
There are a total of log,(N/4) stages in this method. Conse-
quently, the CPU time is proportional to

log,(N/4) ’)13 log, (N/4)
3 i __ A5 3
T~16NM E YTl 4°NM E

i=1 i=1

(2 -1
(24)
Hence, keeping the leading order term only, we have

logy (N/4)-1 1-— 2]054(N/4)

5 3 n o __ .45 3
T~2-4°NM Z:O om = 2. 4°NM —
N (25)
When N — oo, it is seen that
T ~ 1024N12 M3, N - . (26)

Therefore, this is an asymptotically an N'% algorithm.?® It is
seen that the multiplicative constant in (26) is quite large.
However, due to the systematic nature of this algorithm,
a vector machine or a massively parallel processors can
be useéd to reduce the constant in (26). The analysis of
the memory requirement shows that it requires O(N log N)
memory storage.

VIII. NUMERICAL RESULTS

Using this algorithm, we have developed a program to
compute the scattering solution of square dielectric cylinders
for both E, and H, polarized incident waves. The results
agree well with that of the method of moments (MOM) [28],
as shown in Figs. 4 and 5.

As for the computation complexity, Fig. 6 shows the com-
parison of CPU time (on CRAY-2) of this method (NEPAL)
with the recursive aggregated T-matrix algorithm (RATMA)
and the method of moments (MOM). Since RATMA is highly
éfficient, NEPAL is only slightly better than RATMA within
the range of unknowns we have shown. However, the curve
indicates that NEPAL has an asymptotic complexity of N1,
albeit with a large proportionality constant as shown by (26).
RATMA has an asymptotic complexity of N2, as shown in
[12].

3 A similar analysis shows that it is &' in three dimensions.
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Fig. 4. Scattered field of a square dielectric cylinder for E, polarized plane
wave incidence at 6 = 0°. Side length = 1), ¢, = 2.0, f = 300 (MHz).
Field points are on the circle of 7 = 30X. The cylinder is divided into 64
small subscatterers.
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Fig. 5. Scattered field of a square dielectric cylinder for H. polarized plane
wave incidence at # = (0°. Side length = 0.9, ¢, = 2.0, f = 300 (MHz).
Field points are on the circle of r = 10A. The cylinder is divided into 64
small subscatterers.

For small N, MOM spends most of its time in calculating
the matrix elements with a complexity of N2. For large N,
the dominant time in the MOM is the matrix inversion time.
We show on the same plot various methods of factorizing
a complex matrix. CMINV is a program we have modified
from SSPLIB for complex matrices, GAUSSJ is a program
we have modified from [29] for complex matrices, while for
NAGLIB, we use special CRAY purpose programs FOINAF
and FO4NAF for factorization and back-substitution written

10000
7
/7
1000 ¢ o Cminv
4 =GAUSSJ
A 100 £ NAG Lib.
N
>
g 10 F
g
Q 1
=
E_(
o 0.1 F -MoM
A
o —_RATMA
001 ¢ -.NEPAL
0.001 : .
10 100 1000 10000

Number of Unknowns

Fig. 6. Comparison of CPU time of NEPAL with RATMA and MOM, and
various methods of matrix inversion.

in assembly language specially tailored for the CRAY-2. The
use of NAGLIB can reduce the matrix factorization time
considerably. However, it does not reduce the complexity of
matrix factorization, as can be seen from the curve, which
asymptotically has a slope of 3. It is possible that by writing
special-purpose programs for NEPAL and RATMA for the
CRAY, their constants of proportionality in their CPU time
can be reduced, but not their complexity.

Notice that NEPAL and RATMA both outperform GAUSSJ
and CMINV (which are portable codes) in solving the scat-
tering problem. This is true even for a small number of
unknowns. NEPAL is much faster than MOM and it is at
least as efficient as RATMA. For small N, its performance
is not superior to RATMA, even though in theory NEPAL is
of reduced computational complexity compared to RATMA.
The reason is as follows: in NEPAL, we attempt to reduce the
number of scattering centers by a factor of 2 using Huygens’
equivalence principle. For a small number of unknowns, the
reduction of the number of subscatterers at each stage is not
exactly a factor of 2. The reduction ratio at the first stage is
R; = 16/12 = 1.33. The reduction ratios are subsequently
Ry = 1.714, Ry = 1.867, Ry = 1936, --, which quickly
approach 2. However, it is expected that when the number of
unknowns becomes very large, this algorithm will demonstrate
more of its advantage.

IX. CONCLUSIONS

We have presented in this paper an efficient algorithm
for computing the scattering solution of large objects. The
algorithm is based on Huygens’ equivalence principle and
nesting small algorithms within larger ones. Hence, the key
element is to divide the computation into several stages
and reduce the number of unknowns at each stage by a
factor which is asymptotically equal to two. As a result, this
algorithm is much faster than MOM. Since it has an asymptotic
computational complexity of N1, it has a great potential
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for scattering computations of very large objects. Also, the
structure of the algorithm lends itself for massively parallel
processor computers. A pressing need for research is to reduce
the proportionality constant in the CPU time analysis in (26).
At this point, the proportionality constant is large.

Other algorithms with possibly less complexity are possible,
for example, the CG-FFT algorithm [30], with a complexity
of O(N;;:NlogN), where N, is the number of iterations in
the conjugate gradient method. However, our solution is valid
for all incident waves while the CG-type algorithms provide
a solution for only one incident wave. The method described
here has the same complexity as those in the nested dissection
ordering method [22]-[24] for solving differential equations.
However, an integral equation solution has the advantage of
satisfying the radiation condition.

As a final note, even though we have presented our theory
on a rectilinear grid, the algorithm is not restricted to such
grids.

X. APPENDIX
Reproduced here are the explicit expressions for I—;g;) and

EE}) in two dimensions. We can show that

b, =¢ @i, (Al)
where
0 (ng +1iny) 0
¢ = | (—ng +iny) 0 (ny +iny) |. (A2)
0 (—na +iny) 0
More explicitly, it is
—(0) kA )
R 1-1m = —8‘(nr + iny )Pm(ri — 1),
(o) kA .
[hij Jo,m = T[("r + iy ) Pm-1(r: — T;)
+ (=ng + iy )Ymr1(ri — 13)],
—(0) kA .
hii )1 m = T(“nw + iy )Y (i — 75),  (A3)
where m = —1, 0, 1 and, hence, E§;” is a 3 x 3 matrix. In

the above, n, and n, are x and y components of the outward
normal at r;. It can also be shown that

ES;) = a;; - ¢, (A4)
or, more explicitly,
(1) kA . ]
(hij'lm,—1 = T(‘"z +iny )b — m(r; — 175),
—(i kA .
R lmo = S {(ns + imy s (73 = 7))
+ (=1 + iy )P myr(ri — T;')],
(i) kA ) ,
[hij ]m,l = T(”x + my)?/)—m(n' - Tj)a (AS5)

where now, n, and n,, correspond to the inward normal at 'r;.
In the above,

Ui (ri = 75) = HY (klr; — r})e™™%7, (A6)
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where ¢;; is the angle the vector r; — r; makes with the z
axis. Also [12]

[Ez]]nm = Hil_)m(kh"l - T‘Ijl)eii(nfm)éij
= Hyp) (ki =
I).

= 'L//)m-—n(ri - Tj

gl)ez(m—n)cjoji
(A7)
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