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Abstract— We briefly outline the use of higher-
order splines and their reciprocal-bases in discretiz-
ing the volume-integral equations of electromagnet-
ics. The discussion of higher-order splines, and the
computation of their reciprocal-bases, is based on the
theory presented in Chapters 4 and 5 of [1]. The dis-
cretization is carried out by means of the method of
moments, in which the expansion functions are the
higher-order splines, and the testing functions are
the corresponding reciprocal-basis functions. Thus,
the method is not Galerkin, but the structure of the
resulting equations is quite regular, nevertheless.

I. SPLINES BASED UPON HIGHER-ORDER
CONVOLUTIONS
OF THE UNIT PULSE

Consider a regular one-dimensional grid, whose spac-
ing is h. Relative to this grid we define 7(z) to be
the unit pulse

1r(z;)— 1, f0<z<1
~ 1 0, otherwise,

and mp41(2) to be the mth-order convolution of 7(z)
(we define m(z) = n(2)).

The higher-order convolutions of the unit pulse can
be written in terms of the piecewise polynomials,
ok (z), as

(1)

Fmi1(2) = 3 ok, (2 — B)i(a - &),
k=0

where 6(2) = 7(2)is the characteristic function of the
unit interval, and the of,(z) = o am(k, 5)z?/5!
are listed in Table 1.
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TABLE 1.
Order (m) | aky(s) = STty am(ky)e/
m=0 ag(z) =1
m=1 aj(z)==z
al(z)=1-z
m=2 ay(z) = z%/2
al(z)=1/2+z — 2?2
ad(z)=1/2 -z +2%/2
m=3 a3(z) = z°/6
od(z) =1/6+2/2 +2%/2 - 23/2
a3(z) =4/6 — 22 + z3/2
oj(z)=1/6-z/2+22/2-23/6

The coeflicients a,, (%, §) satisfy the recursion rela-
tion

tm(kyi) = Gmo1(kyj—1) = amog(k 1,5 —1)
1<k<m-1,1<j<m. (2)
IL. RECIPROCAL-BASES FOR 7y1(2)

Define Ay, (z) to be a function of compact support
that will generate the reciprocal-basis system, just
as Tm41(z) generates the basis system.

We want

(B2, o1 o M k) = B (3)

where 6. =1, if j=k; =0, if j #k, and

' L . 1
Totlh = Eﬂ'm+1($/h—1)a /\fn,h = z/\m(z/h - k).
(4)

Upon substituting (4) into (3), we get

1 .
= / Te41(2/h = ) Am(z/h - K)dz = 65 (5)
Now let
2

An(z) = 7(z) 3 ™ (6)

0<I<m
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Then
- (m) (@/h = k)!
Am(z/h~ k) = n(z/h - k) Z b T
0<i<m
(M
and we get
1 DR h-k
> b )',;/ 7fm+1($/h ])E’l__)_
o<i<m kh i
= 8jk- (8)
Now let t/h— k = z = dz/h = dz, z/h —j =
2+ k —j. Then ‘
(m) [ Y
> b / Tm+1(2+k —])Fdz =6k (9)
o<i<m 0 '

We must determine the restriction of Tpy41(2+%& —
) to the interval, (0,1):
Tmt+1(2) = Z ap(z—n)0(z - n) (10)
where 6(z) is the characteristic function of the unit
interval. This implies that

Fmi(e+h—) = 3l (sHk—(j+n)0(z+k—(+n).

n=0
(11)
Hence, because of the presence of the characteristic
function, 8(z + k — (j + n)), the term that survives

in the interval (0,1) is k = j + n; i.e.,

Tmt1(2) = of(2), for0<z< 1L (12)

Thus,
(m)/ (k‘J)(z) dz =&t (13)

0<l<m
or,
1, ifn=0
> b(m)/ " ()% dz_{ ,
0<I<m I 0, ifl<n<m.

(14)

When we apply these results to the computation of
the reciprocal-bases for the four lowest-order splines,
we get

d3(z) = w(z)(—184 + 2460z — 6600z + 46202°)
Aa(z) = m(z)(15 - 108z + 1202?)

M(z) = w(z)(-2+62)

do(z) = (). (15)
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For example, the reciprocal-basis for the third-order
spline-basis is Az(z/h — k).

Note that whereas the higher-order splines pos-
sess higher-order continuity properties, the recipro-
cal bases to these splines are all discontinuous.

III. DISCRETIZING INTEGRAL EQUATIONS
WITH HIGHER-ORDER SPLINES

The basic integral equation for the anomalous cur-
rent produced by a flaw within a substrate is:

J(‘-)(r):J(r)+a(r)_l1 Q(r;r')-J(r')dr', (16)

where

g(z—m',y—y';z,z'): // 'é(kl"ky;z’zl)
—00
. e—Ilkz(z—2")+ky(y-y")] dkdk,. (17)

Thus

J(i)(r) =J(r) + o(r) /dz' // a(kx, ky;2,2)-

T (kg ky; 2ot (@=a)thlu=l g, gk, (18)
Introduce a regular, three-dimensional grid, whose
spacing is 6z, §y, and 8z, and expand J(r) as the

three-dimensional tensor-product of one-dimensional
splines of arbitrary order, n, defined on this grid:

= XY (5

I m k
) Lyp) 2
F (511)1”1c (6Z), (19)
so that
Fkorkyiz) = S35 L (R
! m k
FO®NEM(=).  (20)
bz
Then,
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(3) (n) (n) (")
J (1‘ lgkIlm’CF ((5 )F (6y) ((52)

+ 3 o [[ e B ) F k)

LMK
G () 7
{ [ 478k b 2,2 T EE (3;)} dk,dk,.
, (21)

Our notation is F,(")(:L'/éa:) = Tpy1(z/6z = 1).
Let {/\l(")(z /6z)} be the reciprocal-basis to
{F,(")(z/h)}. This means that

/ M2 /62)F (2 /62)dn )62 = 6w, (22)

We are going to take moments of (21) with re-
spect to the reciprocal-basis. Hence, we first multi-
ply (21) by )\,(,")(m/6&:))\5:,)(31/63/)/\5;)(2/52), and then
integrate. The result is

o)

L M K
(23)
where,

1)

Ulmk

i = Dkt omme > > Y Grx (I-L,m—M)-Ipmk,

IV. COMMENTS AND CONCLUSIONS

We have applied this theory to the case in which the
expansion and testing functions are both pulses (the
pulse functions are their own reciprocal bases) [2], [3].
Of course, this gives us the familiar Galerkin variant
of the method of moments, and our results have been
quite good. By using higher-order splines and their
reciprocal bases in the manner suggested in this pa-
per, we retain the same structure for the resulting
integral equation as in the pulse-pulse situation, but,
of course, the field solutions will be smoother.
There are several desirable features of the dis-
cretized integral equations that result from the ap-
proach of this paper. The coefficient of the first term
on the right-hand side of (23) is always unity,. re-
gardless of the order of the expansion function. If we
used a Galerkin approach, this coefficient would be a
multi-diagonal matrix, depending upon the order of
the splines used for expansion and testing. For exam-
ple, the matrix would be tri-diagonal for first-order
splines, penta-diagonal for second-order splines, etc.
A second feature is that we have a well-defined,
optimal way of defining the discretized coefficient,
Olmk, that appears in the integral equations. We do
not need to use a “stair-step” approximation to the
discretized region, or rely on an inaccurate ad hoc

6a:61y62 // J(i)(r))‘(n)(z/5“”)’\$:)(3//5?})/\§cn)(2/6z)dr

= 6:1:6y6z // F(") (1;/61‘)}7’(” (y/b‘y)F(")(z/b‘z)E(z)(r)dr

Olmk =

Gix(l-Lym—M) =

ka(ka:a ky) =
Note that
~ - . i 2(n+1)
) (k) F) (k) = 742D <_Smlg’“;2/ 27

which is a function of the difference of the two argu-
ments, [ and L. If n = 0, we get the expansion and
testing in pulse-functions that were used in [2] and

[3].

6w6y6z /// o(r) [\ (e/82)]” MO (w/6)]” [M(/62)] e
//:-oo f}*(n)(kx)ﬁén)(k’”)i’:‘t(n)(ky)f}g;)(ky)fk[{(km, ky)dka;dky

/dz/dz'(:’(kz,ky; 2, z')F,S")(z/ﬁz)FI(;')(z'/éz).

(24)

method for defining the discretized material param-
eters. We have presented a consistent way of defin-
ing these parameters when used in conjunction with
higher-order splines.

Similarly, the computation of the matrix elements,
Grx(l — L,m — M), is made quite systematic. One
can use the same piece of code written for the




pulse-pulse combination, and substitute the neces-
sary Fourier transforms for the higher-order splines.

We have used the method of higher-order splines
and their reciprocal bases in discretizing transient
boundary-integral equations, as well [4], [5]. In these
papers we used one-dimensional second-order splines
and their reciprocal bases to discretize the time-
domain response of the space-time boundary-integral
equation. The method produced stable, and accu-
rate, results.
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