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1. Introduction 

Electromagnetic scanenng from arbitrarily shaped inhomogeneous dielectric bodies has been an interesting 
topic due to its imporlance in problcms that include propagaiion through inhomogeneities. This fypc of 
prablcms can be formulafcd in the form of a volume infcgral equation (VIE) and solved by thc method of 
moments (MOM). HOWCVCL solving large scale ckctromagnetlc problems by MOM suffers from O ( N ' )  
niimerical complexity of memory requircmcnt and CPU time both to assemble the matrix and to perform 
the matrix-vector multiplication in the iterative solver, where N is the number of unlrnawns. This paper 
presents a nwcl  single level dual rank SVD algorithm that efficiently compresses the System matrix to 
icduce the memory requirement and CPU time far both matrix assembly and matrix-vector multiplication 
10 O ( N v 2 ) .  The dud rank SVD algorithm is based on the rank dcficicnsy Lamre of the integral equation 
ior well-separated groups of basis functions. Thc algorithm forms the Q - R facfofimian of rank deficient 

local marnccs due to non-rclf group interadom by ranking the most linearly independent basis functions 
in the transmitting (source) group and the most significant ones in the receiving (observation) group. 

There have been a number of successful nlgonthms that reduce the numerical complexity of integral 
equation methods such as the fast multipole method (FMM) [ I ]  and the SVD based algorithms presented in 
121 and [3]. The method presented in this paper tends to overcome the drawbacks of the previous 
alganlhms [ 1-31 such that: it i s  independent ofthe mtegral cquafion kcmel; if assembles the lo_l Q and R 
matnces without a prion knowledge of the local matrix itself and if is free of the previous assumptions 
about the kernel of the integral equation, namely, the smoothness of the kemci to implement reduced 
sampling procedure in (31. 

2. Volume Integral Equation Formulation 

Volume integral equation (VIE) is obtained through mixed potential intcpal equation. Let V denote the 
volume of a scanerer charactenzed by ifs rclalivc permittivity E(?) and relative permeabiiity p(i), which 
are continuous inside V and let the background medium be free space. Applying the volume equivalence 
principle and the continuily equation, the scatterer can k replaced with equivalent electric current and 
charge densities [4]: 
J(F)= jor(F)E(PI ( la)  

p(F)=~vdr).D(r)-r(F)V.B(FI (Ib) 

where K(F)=- is the contrast ratio, D(F) is thc total electric flux density and is the frequency 

ofoperation. Decomposing the total field into incident and scancred fields we have 

where 

44 
E(+ F(F)+F (F1 (2) 

E' =-jd(F)-Vm(F).  (3) 
~ 
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Dlscretirar~on of the ~ o l u m e  by tetrahedral elements and interpolation of B(r) by the first order 
divergence conforming vector basis functions followed by tesang of Eq. (2) with the basis function chosen 
leads to a system of linear equations: 

(~/~,/.)+(i.a,i.)+(vm.i.)=(~~,L) m=1.2 ..... N. ( 5 )  
which can be witten in matrix form as 
[ZPfDI = V I  (6) 
where N is the total number ofunknowns, [Z] is the N n N  impedance malm, D and Y are vectors of 
length N. 

3. Dval Rsnk SVD Algorithm 

The dual rank SVD algorithm factorizes the local impedance matrix Z:," due to the groups of basis 

fvnciium I and mto p:.. and R:., malriccs, whcrc m and ~j are the number of receiving and 
iransmiiting basis functions, respectively. and I is the rank of interaction: 

Z:.,,=[r, :"I= -Q:,, RI" (71 [::I 
Ilere. z,, is the column vector due to the p*  basis function in the transmitting group (transmitter) and v, 
is the row vector due IO the 0'" basis function in the mewing group (receiver). Ths basic advantage of this 

algorithm IS that ht does not reqmre a priori knowledge of Z* 

In order io be able 10 implement the dual rank SVD algonthm. the problem domain is recmirely 
parliiioned into groups of tetrahedrons of size at m m  the prescribed threshold a. Then the algorithm 
E D ~ S ~ E I S  uftwo main pans. ~ o n ~ t r u ~ l i o n  of Q by dual ranking in an ~tcralive scheme and computation of 

R" by LU decomposition. 

The objective ofthe dual ranking algorithm 10 C O ~ S ~ N C ~  p' 15 to determine the most linearly independent 

orthonormal column YCCIO~S that span the column space of  Z"wilhin a prescribed tolerance 6 in an 
iierativc schemc To achiwc this objective, the algorithm ranks the basis fUnFtionS in both the transmitter 
and i e ~ e i v e r  groups on the basis o f  the linear independency oflhc column vectors and the significance of 
the row ~cctors ,hey give rise to. rerpeciively. There are three steps ~n constructing Q :  ~electiun of the 

transmitter, updating the p' matrix and sele~lion of the receiver. Iterations continue until the columns of 
0'' can span the column space of 2'' within a prescribed lolerance 6. For the k"  ileralion Ihc algorithm 
cln be briefly prescribed as: 
I .  Selcciion of <he transmitter: 

* Form m,,, column vectors from Y , ,  , v,, , ..., Y,, : 

n,,=[ v,, (4 ] , = I  ..,.,,, 

{z,, .E,: ,.. 5,. , }=  MGS{"?,, . rn*  ,.... m,, ~, } 

v,.  ( i )  - Perform modi64  Gram-Schmidt (MGS)  uithogonaliration based ~8pon lrrn~mitler r r n k q  
.I, .  ..., J , ~ ,  



* Fmd the indcr ofthe next transmitter: 

m: = m, -E(m,,Z,,)iii,, i = I ,..., n; i e  J 
1~8 

/_I 

IIm;, /I = llm4 

2. Updating Q : . Compute J,'" column of 2 ,  z,, , and onhonormalize it with respect 10 the previously computed 

[ & I )  co lumsof  Q 

'7' 
'7:=z,,-C(.,..'7,)4.; ut'+ 

, ~ ,  11'71 II 
,~!  

. If _I iq'n < S, end the iterations; e k e  continue 
llin II - 

3. Selcciion ofthe receiver - F a m  n,., row veclori from q,.q ,..... q1 : 

Iln ,,,, 11 = maxlln, 11 ; i = 1, 2,  .... m and ie I 

The r ccilumni of R 
to the column vectors in Q are obtained while updating the Qmatrin. The real ( " - 7 )  columns of R are 

obtained by solving the I cquations extracted from (7). 

4. Numerics1 Complexity of the Algorithm 

Assuming the average number of basis functions in each group is m, the number of groups is Nc = N / m  

I f  average rank r is also assumed to bc constant far all non-self group interactions, the numerical 
compleniiy for the memory requirement and matrix-vector multiplicarion can be estimated by 

C can be optimized by choosing m proponional to fi . With this choice of m the numerical complexity 
is O ( N " ] .  The numerical complexity ofthe matrix assembly may also shown to be O(N"'), albeit with a 

that are the expansion cosfflsienis ofthe comerponding I cotumn~ 06 Z with respect 

C = N,m'+(Ni -NL)2nn = Nm+ ZrN'lm-2rN (8) 

iarge-scaie factor. 

5. Numerical Rerolls 

A numerical example is presented in this section to demonstrate both the accuracy and efficieney o f t h e  
dual rank SVD algorithm for solving !he volume integral equation of electromagnetic seattcring. In Fig. 
I(a) and (b). CPU time and memory requirements to generate the Q - R  matrlces for homogeneous 
dielectric cubes of edge lengths 0.5.0.75, I, 1.25A,,. whlch carrespond 10 1449, 3753, 10408. 20982 
unknowns, are plotted. The time it takes for a single-vector matrix multiplication in the iterative solver for 
the same number dwIIuIowns IS shown in Fig. I (c). From the reference lines in Fig. 1, we Can see that the 
numerical complexity of the  d u d  mnk SVD algorithm is indeed O(N") as we expect. In Fig. 2. far field 
patterns cvlculaied using the dual rank SVD algotithm is compared with the direct MOM ~mplementatian 
for electrumgnctic s~altenng from a dielectric cube. The cube has edge length of 0.75h, and the dielectric 

c~nstant  is 2, =4.0. The incident wave frequency is 1.125 GHz and the cube 8s illuminated at e =  180 
Thc cubr is dmreuzed mto 1777 tetrahedron elements with 3753 unIuIowns. We also observe in Fig. 2 that 
MOM and SVD r n i i l t s  are I" good agreement for far field patlcrns. It is the authors' inlrntlon Io present 
numerical resulls fix electromrgnctic scattering from electrically larger dielectrics ofarbilrary shape at the 
conference. 
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Figure I: (a) Memory requirmtnl, CPU lime lor (b) matrix membly (q matrix-rmtar multiplimion 


