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RCS Computation of Large Inhomogeneous Objects
Using a Fast Integral Equation Solver
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Abstract—In this paper, we apply a fast Fourier transform Scattered W, &
(FFT) accelerated volume integral equation solver to compute Waves \\
the radar cross section of large-scale inhomogeneous objects. AN

This method is related to Bojarski's k-space method and the
subsequent conjugate-(CG) and biconjugate-gradient (BCG) FFT
algorithms. The method developed here combines the weak-form

discretization with the BCG and stabilized BCG (BCGS) solvers. e
We show that this method has marked improvements over related Incident
algorithms. The numerical method has been validated by Mie Waves

series for multilayer spheres and applied to some practical
problems. With this method we are currently able to solve a Fig. 1. Geometry of the scattering by an inhomogeneous object.
three-dimensional problem with a volume of size 3648 (21.23

million unknowns) on a single workstation. for large-scale problems whose volume can be as large as thou-

Index Terms—Biconjugate-gradient-fast Fourier transform sands of\® () is the shortest wavelength).
(BCG-FFT), scattering, spectral method, stabilized BCG  Qne conventional method of solution for the volume integral
(BCGS)-FFT, volume integral equation. equation is the method of moments (MoM) [7]. In the MoM, the
integral equation is discretized into a linear algebraic equation
|. INTRODUCTION with NV unknowns. The direct inversion of such a matrix equa-

) . 3 . N
HE SCATTERING of electromagnetic waves by penet-!On requiresO(NV®) CPU time Smd?(N.) memory. The CPU
X ) . . time can be reduced tO(K N?) by using iterative methods

trable, inhomogeneous objects is an important research . . )
. . __ such as the conjugate-gradient method, wii€ris the number
subject and has been under investigation for over three deca . . . :
. ) . of iterations. However, both direct and iterative MoM methods
[1], [2] in computational electromagnetics. From the far-zone " . . .
S . re limited to relatively small problems because of their exces-

scattered electromagnetic field, the scattering strength of the . X

CPU time and memory requirements.

object is expressed as the so-called radar cross section (Régﬁ the early 1980s, Bojarski proposed thespace method

Our objective in this paper is to solve large-scale problenfél. The k-space method uses an iterative approach (similar

involving inhomogeneous dielectric objects. . . i :
. 2 . ; to Neumann series) to solve the integral equation without ex-
As illustrated in Fig. 1, the object of interest can have an ar;. . . ; . . X
. . . licitly forming the matrix equation. In each iteration, the ma-
bitrary shape and can have arbitrary space-dependent dielectric

constant, (r) and conductivity (r). From the incident electro- rix-vector multiply is accomplished by using the fast Fourier

. . X t{ansform (FFT) algorithm because the volume integral is con-

magnetic waves, we aim to find the scattered electromagne It ; .

. volutional. The conjugate-gradient (CG)-FFT method was later

field and, thus, the RCS, roposed to improve the convergence speed, where the iteration
Since the object has an arbitrary inhomogeneity, surface oP P 9 peed,

. . s accomplished by the conjugate—gradient method [10]-[20].
tegral equation methods which are amenable to the recent zthree?dimensic))/nal (3-D)JCgG-FF?' and related metLod]s[ha\]/e
multipole (FMM) acceleration are, in general, not appropria%a

) o a . een reported by many researchers, for examples [15]-[25]. For
for this application [3]-[6]. Although one special case of thlg1 more complete review, the reader is referred to [21].

problem, i.e., an inhomogeneous object with piecewise homo- : .
. ; . In this paper, we apply a spectral method using the FFT ac-
geneous subdomains, can be treated by surface integral equatign _ ..~ ™. : o o
- celeration in the weak-form discretization of the electric field
methods, the efficiency decreases as the number of subdomains . . S
. . . .integral equation. We choose the weak-form discretization pro-
increases. For general inhomogeneous objects, the volume inte- :
osed by Zwamborn and van den Burg [22] because of its re-

glrjaelnecqugélr%gi?ﬁZ?hd;diriigu%: ;:ilttgbellee.nszgte rrnilttr?cr)rc]jitI\Ilr(1e tfdﬁsiced singularity compared with other discretization scheme.

q y . . : ! rfn contrast to [22], however, we apply the biconjugate—gradient

work, we will focus on the volume integral equation method(sBCG) method [25]-{29] and the stabilized BCG (BICGSTAB
or BCGS for short) method [30] to further improve the conver-

Manuscript received July 31, 2001; revised October 17, 2001. This Workwg?nce speed by up to a factor of 14 Compared to the CG-FFT
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Fig. 2. Convergence curves for CG-, BCG-, and BCGS-FFT methods for 0
0

two-layer sphere.
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L
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. . . Fig. 3. Bistatic RCS as a function &f for ¢ = /2 using weak-form
for a multilayer spherical medium. The method has been us@@G-FFT and Mie series gf = 1 GHz. The two-layer spherical medium

to model a large penetrable missile-like object.

has parameters,..;, = 4,0, = 0.1 S/m, anda; = 1.0575 m; €, = 2,

o2 = 0.05 S/m, anda> = 1.2075 m. The problem is discretized into 12.75
million unknowns, requiring 1.1-GB memory.

Il. FORMULATION

The objective of this work is to solve for electromagnetic
fields scattered by aimhomogeneousbject. Suppose an inho-
mogeneous object with a finite volunié is embedded in an
isotropic, homogeneous background medium with constant per-
mittivity e, electric conductivitys;,, and permeability:,. This
inhomogeneous lossy object has spatially variable permittivity
e(r) and electric conductivity(r) and a constant permeability
uw = up. The complex permittivity values for the object and
background aré = ¢—jo/w andé, = ¢, —joy, /w, respectively.
The electric field integral equation (EFIE) in the inhomogeneity
is

E (¢') dr’ reV

(1)
wherey = 1—¢6,/¢, k? = w?pe, — jwpoy, is a complex contrast
function,G = (I + (VV/k2))g(r — ') is the dyadic Green’s
function, andy(r — r’) is the scalar Green’s function of the ho-
mogeneous background medium. Equation (1) is valid every-
where in space, both inside and outside the voldm&Ve aim
to find E for r € V, from which the electric field everywhere
can be found from (1).

E(r) = Emc+/v G(r—r')-klx(r)

€
€p
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Equation _ (1) is a hype_rsingular integral equation E_r Fig. 4. RCS of the four-layer sphere at 1 GHz (21.23 million unknowns,
(Fredholm integral equation of the second kind, or Lippt.99-GB memory).

mann-Schwinger integral equation). Defining a magnetic
vector potentialA as

A= /Vg(r,r')x(r')ﬁ(r')dr' = A[ﬁ]

Equation (3) is also a hypersingular integral equation for the
electric flux densityD = €E/¢,. The hypersingularity arises
from second-order derivatives of the scalar Green'’s function.
Among various approaches to treat this hypersingular problem,
the weak-form discretization [22] appears very attractive and
will be used in this work.

@)

whereD = ¢E/¢, is the “normalized” electric flux density, the  gyppose the scatterer domain is embedded in a rectangular

integral equation in (1) can be rewritten as

gb

é(r)

D(r) — k2A [f)] v {v A [15]} —E"(r). (3) 2

box with a dimensiorL, x L, x L. We discretize this box into

N, x N, x N uniform rectangular prism cells where the cells
centered at,,, ,, p, = (Ton, Yn,2p) (1 <M < N, 1 <n <N,
1 < p < N.). To solve (3) forD, we first expand bot and
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Fig. 5. RCS of a dielectric cylinder with. = 12.96, o = 0.3 S/m. Frequency 1 GHz, cylinder length 1.5 m (18 and diameter 0.3 m (7.%).

A[ﬁ] in terms of some basis functions (for example, the rooftap (") are given by
basis functions)‘r(,l’,)n,p(r)

f)(r)z Z dsvnl,)n,pfr(nn,)n,p(r)’

(m)
Z Im—m' ,n—n',p—p' Xon/ n' p'

m/,n’,p’

d(’l)

I ! pl
mo,n’,p

Al

m,n,p

T ={go [\wam]} )
e Note that the 3-D linear discrete convolution in (6) denoted by

gan be obtained by the FFT algorithm. Solving (5) for vector
gives the unknown electric flux densily insideV'.

Iterative Solvers: Equations (5) and (6) can be written sym-
lically as£[d] = e. This equation can be solved by various
n%erative solvers. Previously, for the weak-form formulation pre-
ented above, the CG method was used [22]. Recently, we uti-

Itis remarked here that (2) is also expanded in terms of the ba?
functions. This second discretization step of expandingn
terms of the basis functions, although not necessary in formalil%
helps to weaken the singularity in (3).

Substituting (4) into (3) and (2) and testing (3) with the sal

basis functions (i.e., a Galerkin’s procedure), we finally obtaiﬁ

£ld] = ()

3 {T§">d(’7> + T§”>A<">} —e
n

whered is the vector containing unknown coefficients, , ,,
e = {e® e® N7 oM — (£ Einc) andT(" andT.”

ized the BCG method [25]. The combination of the weak-form
discretization and the BCG method significantly accelerates the
convergence speed. More recently, we have applied the stabi-
lized BCG method [30], [31] to further accelerate the conver-
gence speed of the spectral method. As shown in the numer-
ical results, up to a factor of 14 in convergence speedup can be

are some simple “tri-tridiagonal” matrices, i.e., they are zero eaehieved with the BCGS program compared to the CG method.

cept only for element&’,, &, nyk, ptr, Wherek; = —1,0, 1

One important observation from the formulation is that the

(: = 1, 2, 3). Itis important to note that only these nonzero efost expensive operation on left-hand side of (5) is the discrete

ements are stored, thus the memory requirement is@qly).

convolution shown in (6). The products of “tri-tridiagonal” ma-

Furthermore, only the products of these nonzero elements witizes T\ and T{" with vectors cost onlyO(N) CPU time
vectorsd andA are calculated, thus the two matrix-vector prodand O(N) computer memory, wherd is the total number of
ucts in (5) require$)(IN) CPU time. The explicit expressionsunknowns. Therefore, if the FFT algorithm is used to compute
of Tﬁ") andTg”) are givenin, [22] and [25]. The elements ofthe discrete convolution (6) in an iterative method, the total CPU
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TABLE |
PARAMETERS FOR THEMISSILE-LIKE OBJECT INFIG. 6. |
Material I | Material II | a b d h H t W ~100/| -100 0.4
& =225 |e=4 10.5 | 50 | 60 | 100 | 665 | 6 | 94.5 i
o =0.05 =01 cm |cmjcm|cm | cm | cm | cm ! o4
time iSO(K N log N), wherekK is the iteration number and the |
total memory requirement i9(V). =200) =200
‘ H0.2
[ll. RESULTS AND DISCUSSIONS | oo
. . . \
In the following numerical examples, we use the relative 1
residual error criterion _3001 -300
£d;, —e |
€ = [1£d, —ell <1073 |
llell I U, : i
. . . . -40-20 0 20 40 -40-20 0 20 40
to terminate the iteration procedure. The incident plane wave X (cm) v (cm)

is polarized inz. Unless otherwise stated, the following resultsiy 7. Electric current density an— = andy — = cross sections.
were obtained on an SGI Origin 248thgle 400-MHz MIPS
R12000 processor. (The theoretical peak speed of the procegsahis frequency, the wavelength corresponding to the highest
is 0.8 GFlops, but the actual speed is likely to be significantljielectric isA\; = 15 cm. Therefore, this represents a relatively
less.) The total available memory on this single processorlége problem with an outer sphere diame2es = 16.1);.
about 5 GB. With a discretization of ten cells per wavelength, this problem
We first compare the weak-form the BCG- and BCGS-FFiB discretized into a cube of 162162x 162 cells. The total
methods with the CG-FFT method for a two-layer sphere casember of unknowns is about 12.75 million.
that has been modeled in several papers [22], [24], [25]. TheThis problem was run on a SUN Ultra 60 Workstation. It re-
radii of the inner and outer spheres ate= 7.5, as = 15 cm, quires 1.1 GB of memory. For the solution to converge to a 0.1%
their dielectric constants aeg; = 72, ¢,5 = 7.5, and their con- error, it takes 171 iterations using the BCG method and 20.27
ductivities areo; = 0.9, o2 = 0.05 S/m, respectively. The fre- min/iteration. Fig. 3 shows the bistatic RCS curves as a function
quency is 100 MHz. The three methods converge to 0.1% eruadrd for ¢ = /2. Our numerical result has an excellent agree-
at significantly different rates, as shown in Fig. 2. The iteratioment with the Mie series.
numbers for CG, BCG, and BCGS are 360, 50, and 26, respecNext, we model a large four-layer sphere with an incident
tively. For this case, the BCG and BCGS methods are almgdane wave atf = 1 GHz. The diameters of the layers are
seven and 14 times faster than the CG method, respectively.1.515, 2.115, 2.415, and 2.865 m, respectively. The dielectric
We then consider a moderate-size two-layer lossy dielectdonstant and conductivity of these layers are= 4, 2.56, 4,
sphere with the inner radiug, = 1.0575 m and outer radius 2.25, ands = 0.1, 0.07, 0.1, 0.02 S/m, respectively. In terms
as = 1.2075 m. The relative permittivity and conductivity areof the minimum wavelength, (i.e., the wavelength for layers
€1 = 4,01 = 0.1 SIm,e,.o = 2, andoy = 0.05 S/m for the 1 and 3, which determines the highest spatial frequency), this
inner and outer materials, respectively. A plane wave at 1 GBzD problem has a volume of size 3648 The problem is dis-
is incident in the direction of = 0 (i.e., along+z direction). cretized by 21.23 million unknowns (roughly ten points pey.
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Fig. 8. RCS of a missile-like object in Fig. 6. The 1-GHz plane wave is incident #loagr /4 and¢ = 7 /4.

It was run on a single SGI processor. The RCS of this multi-
layer sphere is shown in Fig. 4. Again, an excellent agreement
has been achieved with the Mie series.

The previous two examples are for spheres, which have
smooth interfaces between different regions of inhomo-
geneities. We also validate our numerical scheme with other
numerical methods for objects that cannot be modeled by o
analytical methods. Fig. 5 shows the RCS of a large circular di-
electric cylinder with a finite length. The cylinder is 1.5 m long, 107 = o e o
0.3 m in diameter, and has a dielectric constant.of 12.96 lteration Number
and COI’IdU(_:tIVIty_U _ 0'3 S/m.' The Qperatlng frequ_ency ISFig. 9. Convergence curves for Figs. 4, 5, and 8. Iterations are terminated for
1 GHz. This object is discretized withh = 9.45 million  Fig. 4 at 0.5% as the result is already sufficiently accurate.
unknowns. The RCS computed by our BCG-FFT method is

compared with an independent, pseudospectral time-dom@jg have applied these weak-form BCG-FFT and BCGS-FFT
(PSTD) result for bodies of revolution (BOR) [32]. Excelleninethods to solve large scale problems. However, we also note
agreement has been found between the two sets of results. that several drawbacks of the methods require further improve-
The last example is for a large penetrable missile-like objeetent. First, this algorithm is most efficient when the dielectric
Thezz cross section is shown in the left part of Fig. 6. The object fills a solid rectangle prism. Otherwise, redundant un-
cross section is the same as thecross section. The right half knowns are introduced in addition to the zero-padding (in the
of Fig. 6 shows thery cross section of the object. This mis-sphere examplesV is about 1.91 times that is needed). Second,
sile-like object has a length of 7.65 m and a width of 0.945 mfere is a staircasing error associated with geometry discretiza-
at the base (detail dimensions are listed in Table I). The obj&iein using rectangular prism cells. This second drawback can be
is discretized into 64 64 x 512 cells, with a total of about 6.3 improved upon by the related adaptive integral method [33].
million unknowns. A plane wave at 1 GHz is incident at a direc-
tion of § = 135° and¢ = 0. IV. CONCLUSION
anFnlg tzg) Enja(rt:()jsliplzmérrsesIgggt?sgs.eﬁgiz(ir?:trgzrga%igsgy We present fast solution methods based on the weak-form

the symmetry in the geometry and the incident plane waves, |8cret|zat|on of the_hypersmgular electric flel_d integral equa-
. . . i ion for the scattering problems from 3-D inhomogeneous
induced current is symmetric @n— z cross section, but not on

x — z cross section. Fig. 8 shows the bistatic RCS curves as afuﬁ%grc].tz' act)eu-r r\ivig?el::coér:T brf;wggstz;g r?ﬁgﬁ; te(‘)ngi Sr:ﬁibcl gﬁfld
tion of 6 for ¢ = 0 and¢ = = /2, respectively. It should be noted Jugate-g g y

that the staircasing error of this method will be more severe n%{t;;e_rsfg;z ?;;ESV'TJ] g]le trrr:ciiﬁ(.)r?3Lrl?n%t\?vzise?/reena:rlle;c;isrgl\f

theconeoftheobject,wheretheinnercylinderhasaradiusofonEf Kstati ith 2-GB Sj th ¢
1.3 wavelength in that material and has a sharp transition. Nevvé/-(; (S:SL'JO? Wi - meznofry. thlnce etr(]:otrjnpugrr megmry
theless, the current distribution seems to be reasonable. aOnKNl ‘ane requwer_neln s forthese me ho S@(L ) ?g GB
The CPU times per iteration for the last three examples( 08 ).’ respectively, we estimate that with a 10-
(Figs. 4, 5, and8) are 64.68, 18.30, and 14.10 min, respectiver[1emory multiprocessor computer, we will be able to solve a

I ?S)blem with 100 million unknowns. In addition to the scat-
The convergence curves of these examples are shown in Flglf % problems. these methods have manv other applications
Note that iterations for Fig. 4 are terminated at 0.5% as tt gp ' y pp '

. o including inverse scattering and microwave imaging.
result is already sufficiently accurate. 9 9 ging

Discussions: The methods previously presented, as well as
CG-FFT and related BCG-FFT methods, can be considered a
class of spectral methods following the origikaépace method  The authors would like to thank J. Hesthaven for providing
designated by Bojarski [9]. These methods require éh(yv) them with the independent RCS curve of a cylinder for valida-
computer memory an@(K N log N) CPU time, whereV is tion, and the North Carolina Supercomputer Center for the use
the number of unknowns an#l is the number of iterations. of the SGI computer.

— Fig. 4
— - Fig. 5
-—- Fig. 8
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